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January 12, 2016

Subject How to measure the distribution of an attribute among the
nodes of a network?

From LEVALLOIS Clément
Sender Social Networks Discussion Forum
To SOCNET@LISTS.UFL.EDU
Date Tue 11:36
----------------------------------------------
Dear List members,

I need to have a measure of how widespread is the distribution of a
node attribute in a network. Let me explain:

My nodes have a textual attribute, let’s say "preferred flavor for ice
cream"

I would like to know to what extent the flavor "raspberry" is a value
which is evenly distributed in the network, or to the contrary, just
found in one community. A low value would mean that only nodes from a
subregion of the network have this taste, a higher value would show an
even distribution of the value across the whole network. I imagine that
a difficulty is to account for the frequency of the attribute: if many
nodes of the network have "raspberry" for the value of the attribute,
it will tend to make this value distributed more widely.

Any help or pointer on this would be very much appreciated!

Thank you, Clement Levallois
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In my reply I proposed the following:

A possible measure could be the following:
let V be the set of nodes and S the set of nodes with given attribute
value. Then we define the widespread of attribute as

W (S) =
|S ∪ N(S)|
|V |

where N(S) is the set of nodes neighboring some node of S . ||
denotes the cardinality (number of elements) of the set.

After some thoughts, in my second message, I proposed some
variations on this widespread measure.
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1. variant – consider also the size of set S

W ′(S) =
|S ∪ N(S)|.|S |

|V |2

It attains its maximum value 1 iff S = V .

2. variant – dominating node

W ′′(S) =
|S ∪ N(S)|.|V \ S |
|V |.(|V | − 1)

It attains its maximum value 1 iff S is the center of a star (a single
node linked to all other nodes).
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> Indeed my formulation was not clear. Refining my statement, I think
> a possible solution can appear:
>
> - Being evenly distributed in the network would mean that the
> distance (shortest paths) between the nodes bearing this attribute
> value iscomparably close to the distance between the same number of
> nodes randomly picked from the entire set of nodes of the network.
>
> Does it make sense? 2 things:
> - it does not depend on a notion of communities
> - I might be wrong but the formulation above seems quite
> computationally intensive
>
> Clement

If S is a small community then usually N(S) will have large
intersection with S and N(S) \ S will be relatively small – the value
of W (S) will be small.
We get large values of W (S) when S is large or S contains hubs –
nodes with very large degree.
It is very fast. The time complexity is linear in number of links.
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Simple widespread index

Let us show how the proposed widespread indices can be computed
in Pajek.
Let S be a selected subset of set of nodes V in a simple (no parallel
links) directed network N = (V , L). With N(S) we denote the set of
neighbors of the set S :

N(S) = {u ∈ V : ∃v ∈ S : (v , u) ∈ L}

and with N+(S) = S ∪N(S). With n = |V | we denote the number of
nodes.
A simple widespread index W0 is defined as

W (S) =
|N+(S)|

n
.
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Simple widespread index

D is a dominating set of a network N = (V , L) iff N+(D) = V .

D is an independent set of a network N = (V , L) iff D ∩ N(D) = ∅.

We have:

• 0 ≤W (S) ≤ 1.

• W (V ) = 1.

• W (S) = 1 iff S is a dominating set.

• if S1 ⊂ S2 then N+(S1) ⊆ N+(S2)

• |N+(S1)| ≤ |N+(S2)| iff W (S1) ≤W (S2).
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Domination number

Related to dominating sets is a domination number γ(N)

γ(N) = min{|D| : D is a dominating set of N}

for which it holds n ≥ γ(N) ≥ d n
1+∆e ≥ 1, where ∆ is the

largest (out)degree in N.

Even better lower bound is γ(N) ≥ k , where k is the smallest
number such that

k∑
i=1

(1 + di ) ≥ n

where (di )i is a sequence of outdegrees ordered in decreasing
order.
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Domination index

The problem with the definition of W (S) is that it doesn’t consider
the size of the set S . Let D∗ be a minimal dominating set. Then an
alternative widespread measure could be the domination index
defined by

W ∗(S) =
|N(S) \ S |
|V \ D∗|

=
|N(S) \ S |

n − γ
.

If L = ∅ we set W ∗(S) = 0. It is easy to see that

• 0 ≤W ∗(S) ≤ 1 .

• W ∗(V ) = 0.

• in a weakly connected network: W ∗(S) = 1 iff S is a minimal
dominating set.

• if |N+(S1)| = |N+(S2)| and |S1| < |S2| then W ∗(S1) >W ∗(S2).

Unfortunately the problem of determining the domination number
γ(N) is NP-complete – there is no efficient algorithm to compute
W ∗.
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Domination k-index

To get an efficiently computable index we could replace γ with 1 (it
always holds 1 ≤ γ); or, even better, with k (also k ≤ γ):

Wk(S) =
|N(S) \ S |

n − k
.

For this domination k-index it holds:

• 0 ≤Wk(S) ≤ 1.

• Wk(S) = 1 iff S is a minimal dominant and independent set
with k nodes.

• W ∗(S) ≥Wk(S) and W ∗(S) = Wγ(S)

• W ∗(S1) >W ∗(S2) iff Wk(S1) >Wk(S2)

• if |N+(S1)| = |N+(S2)| and |S1| < |S2| then Wk(S1) >Wk(S2).
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Domination k-index

Note: In a network with non-empty set of arcs the nodes with
zero indegree are all in any dominant set. Let D0 be the set of
all such nodes. Then we get a better lower bound for γ – it is
|D0|+ k ′, where k ′ is the smallest number such that

k ′∑
i=1

(1 + di ) ≥ n − |N+(D0)|.

Since V \ D0 can have zero degree nodes again, we iterate the
process. The final di s are computed in the final V \ D0.

In some real life networks we have many ”leaves” – nodes with
indegree 1 and outdegree at most 1. For such nodes there
always exists a minimal dominant set that contains their twin
node – ”roots”.
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Pajek macro for computing both widespread indices

We will illustrate the computation on the case of the subset of boys
in the class network.
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In Pajek we first read the network

File/Network/Read [class.net]

We get k = 3. It is easy to see that γ = 5.
Next we partition the node set to boys and girls according to the
node shape (square - boy; circle - girl).

Network/Create Partition/Vertex Shapes
Partition/Binarize Partition [1] % 1=boy, 2=girl -> 0=girl, 1=boy

Clicking on the Info button for partition we learn that the group 1
contains 6 boys, and the group 2 contains 9 girls.

Let V = {v1, v2, v3, ..., vn}. We assign to its subset S ⊆ V the
corresponding characteristic vector χ(S) = [h1, h2, h3, ..., hn] where
hi = 1 if vi ∈ S , and hi = 0 otherwise.
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Computing indices W and Wk

Assume that we have active in the registers the network, the partition
S and the scalar k .
Network/Create New Network/Transform/Transpose 1-Mode [yes]
Partition/Copy to Vector
Operations/Network + Vector/Network*Vector [1,OK]
Vector/Make Partition/by Intervals/Selected Tresholds [0.5]
Vector/Create Scalar/Number % n
Partition/Binarize Partition [2] % N(S)
select partition S as Second
Partitions/Max(First,Second)
Partition/Copy to Vector
Vector/Create Scalar/Sum
select scalar n as Second
Vectors/Divide (First/Second)
File/Vector/Change Label [W]
select partition S as First
Partition/Binarize Partition [0]
select partition N(S) as Second
Partitions/Min(First,Second)
Partition/Copy to Vector
Vector/Create Scalar/Sum % |N(S)-S|
select scalar n as First
select scalar k as Second
Vectors/Subtract (First-Second) % n-k
select n-k as Second
select |N(S)-S| as First
Vectors/Divide (First/Second)
File/Vector/Change Label [Wk]
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Results

This sequence of commands is saved as the macro widespread. It
expects as ”inputs” a network, a subset S given as a binary partition
(characteristic vector), and a scalar k . It returns both indices W and
Wk (ZIP).

For the class network we have n = 15, k = 3 and γ = 5.

S Boys Girls
|S | 6 9

|S ∪ N(S)| 11 12
|N(S) \ S | 5 3

W (S) 11
15 = 0.73333 12

15 = 0.8
W3(S) 5

12 = 0.41667 3
12 = 0.25

W ∗(S) 5
10 = 0.5 3

10 = 0.3
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US Airports

As a non-toy example, let us consider the US Airports network. It
consists of 332 airports and 2126 edges among them. There is an
edge linking a pair of airports iff in the year 1997 there was a flight
company providing flights between those two airports.

For this network it turns out that using the second approach
mentioned in the note we can relatively easy determine its
domination number γ.
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US Airports links 1997

Wiley Post-Will Rogers Mem

Deadhorse

Ralph Wien Memorial

Fairbanks Intl

Nome

St Mary’s

Aniak

Anchorage IntlTuluksak

Akiachak
Akiak

Kwethluk
BethelNapaskiak

Napakiak
Merle K {Mudhole} SmithTuntutuliak

Eek

KongiganakKwigillingok Quinhagak

Yakutat

Dillingham

King Salmon

Gustavus Juneau Intl

Kodiak

St Paul Island
SitkaPort Heiden James A Johnson Petersburg

Wrangell

Ketchikan Intl
Sand PointCold Bay

Unalaska

Eareckson As

Adak Naf

Bellingham Intl

Glacier Park Intl
Minot IntlWilliam R Fairchild Intl Grand Forks Afb

Grand Forks Intl

Spokane Intl Great Falls Intl

Seattle-Tacoma Intl

Pangborn Memorial
Grant County

Missoula Intll

Hector Intll Duluth IntlBismarck Muni

Pullman/Moscow Regional
Helena Regional

Yakima Air Terminal

Marquette CountyLewiston-Nez Perce County
Tri-Cities

Walla Walla Regional Bert Mooney Billings Logan Intl

Gallatin Field

Eastern Oregon Regional At Pen
Portland Intl

Mcnary Fld

Minneapolis-St Paul Intl/Wold-

Bangor Intl

Central Wisconsin

Cherry Capital

Austin Straubel Intll

Burlington Intl
Outagamie County

Roberts FieldMahlon Sweet Field

Rapid City Regional

Wittman Regional
Rochester Intll

La Crosse Muni
Portland Intl Jetport

Jackson Hole
Joe Foss Field

Boise Air Terminal /Gowen Fld/

Mbs Intll
Fanning Field

Friedman Memorial
North Bend Muni

Muskegon County

Oneida County

Dane County Regional-Truax Fie

Greater Rochester Intl

Syracuse Hancock IntlBishop Intll

General Mitchell Intll

Greater Buffalo Intl

Manchester

Pocatello Regional

Natrona County Intl

Kent County Intl Capital City
Albany County

Waterloo Muni
Tompkins County

Twin Falls-Sun Valley Regional

Detroit City

Sioux Gateway

Dubuque Regional

Rogue Valley Intl- M

General Edward Lawrence Logan

Worcester Muni

Kalamazoo/Battle Creek Interna

Detroit Metropolitan Wayne Cou

Binghamton Regional/Edwin A Li

Greater Rockford

Elmira/Corning Regional

Klamath Falls Intll Erie IntlChicago O’hare Intl

Bradley Intl
Cedar Rapids Muni

William B. Heilig Field

Merrill C Meigs
Chicago Midway

Jack Mc Namara Field

Theodore Francis Green State

Michiana Rgnl Transportation C
Toledo Express

Des Moines Intl

Stewart Int’l
Quad-City

Cleveland-Hopkins Intl

Wilkes-Barre/Scranton Intl

Eppley Airfield

Tweed-New Haven

Youngstown-Warren Regional Westchester County
Fort Wayne Intll

Arcata
Akron-Canton Regional

Lincoln Muni

University Park

Elko Muni-J.C. Harris Field

Long Island Mac Arthur

Salt Lake City Intl

Burlington Regional

La GuardiaNewark Intl

Greater Peoria Regional

Lehigh Valley Intll

John F Kennedy IntlRedding Muni

Pittsburgh Intll

Yampa Valley

Bloomington/Normal

Purdue University Mercer CountyHarrisburg IntllUniversity Of Illinois-Willard

Port Columbus Intl

Quincy Muni Baldwin Field

James M Cox Dayton Intl

Philadelphia Intl
Capital

Decatur
Chico Muni

Stapleton Intl
Indianapolis Intl

Eagle County RegionalReno/Tahoe Intll

Atlantic City Intll

Hulman RegionalKansas City Intl

Aspen-Pitkin Co/Sardy Field

Baltimore-Washington Intl

Walker Field

Cincinnati/Northern Kentucky I

Washington Dulles Intl

Lake Tahoe

Washington National

Columbia Regional

City Of Colorado Springs Muni

Lambert-St Louis Intl

Sacramento Metropolitan Gunnison County

Sonoma County
Yeager

Tri-State/Milton J.Ferguson Fi

Pueblo Memorial Louisville Intl

Charlottesville-Albemarle

Evansville Regional

Blue GrassStockton Metropolitan

Greenbrier Valley
Williamson County Regional

Forney Aaf

Metropolitan Oakland Intl

Wichita Mid-Continent

Modesto City-County--Harry Sha

Mammoth Lakes

San Francisco Intl Richmond IntllSan Jose Intll

Roanoke Regional/Woodrum Field

Merced Municipal/Macready Fiel

Springfield Regional

Cape Girardeau Regional

Durango-La Plata County

Joplin Regional

Newport News/Williamsburg Inte

Barkley Regional
Norfolk IntlFresno Air TerminalMonterey Peninsula

Tri-Cities Regional Tn/Va

Tulsa Intl Nashville Intll

Piedmont Triad Intll

Mc Carran Intl Drake Field Raleigh-Durham Intll

Mc Ghee Tyson

Asheville Regional

Meadows Field

Will Rogers World

Fort Smith Regional

Kinston Regional Jetport At St

San Luis Obispo County-Mc Ches

Amarillo Intl

Charlotte/Douglas Intl

Flagstaff Pulliam Memphis Intl

Albuquerque Intl

Lovell Field

Fayetteville Regional/Grannis

Santa Maria Pub/Capt G Allan H

Greenville-Spartanburg
Albert J EllisAdams Field

Huntsville Intl-Carl T Jones F

Lawton MuniSanta Barbara Muni New Hanover IntllOxnard

Burbank-Glendale-Pasadena Ontario Intl

Sheppard Afb/Wichita Falls Mun

Los Angeles Intl

Columbia Metropolitan
Palm Springs Regional

Long Beach /Daugherty Field/
Myrtle Beach Intl

John Wayne Airport-Orange Coun

Lubbock Intl

The William B Hartsfield Atlan

Birmingham Intl

Texarkana Regional-Webb Field

Phoenix Sky Harbor Intl
Bush Field

Charleston Afb/Intl

Dallas/Fort Worth Intl

Dallas Love Field
San Diego Intl-Lindbergh Fld

Yuma Mcas/Yuma Intl
Columbus Metropolitan

Monroe Regional

Shreveport Regional

Abilene Regional

Gregg County

Tyler Pounds Field
Jackson Intll

Dannelly Field
Savannah Intll

Tucson Intl
Midland Intll

El Paso Intl
Waco Regional

Alexandria Esler Regional

Mathis Field

Killeen Muni

Mobile Regional
Easterwood Field

Baton Rouge Metropolitan, Ryan

Jacksonville Intl

Eglin Afb

Pensacola Regional

Tallahassee Regional
Robert Mueller Muni

Panama City-Bay Co Intl

Lafayette Regional

Lake Charles Regional

New Orleans Intl/Moisant Fld/

Houston Intercontinental

Jefferson County

Gainesville Regional

William P HobbySan Antonio Intl

Daytona Beach Intl

Orlando Intl

Melbourne IntllTampa Intl

St Petersburg/Clearwater Intl
Corpus Christi Intl

Laredo Intl Sarasota/Bradenton Intl

Palm Beach IntlSouthwest Florida Intl

Rio Grande Valley Intl

Mc Allen Miller Intl

Fort Lauderdale/Hollywood Intl

Miami Intl

Lihue

Honolulu Intl

Molokai

KapaluaKahului
Lanai

Keahole-Kona Intll

Hilo Intll

Rafael Hernandez

Luis Munoz Marin Intl Cyril E King
Eugenio Maria De Hostos

Mercedita

Alexander Hamilton

Johnston Atoll

Saipan Intl

Rota Intl

Guam Intll

Babelthuap/Koror

Pago Pago Intl

West Tinian

Pajek
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Determining the domination number γ

read network USair97.net
Network/Create new network/Transform/--/set all values to 1
Network/Create new network/Transform/.../default labels
Network/Create Partition/Degree/All
Partition/Binarize [1] % Leaves
Partition/Copy to vector
Operations/Network+Vector/Network*Vector [1]
Vector/Make Partition/by Intervals/Selected Thresholds [0.5] % r
Partition/Binarize [2] % Roots
Partition/Copy to Vector
Operations/Network+Vector/Network*Vector [1]
select r as the second vector
Vectors/Add (First+Second)
Vector/Make Partition/by Intervals/Selected Thresholds [0.5]
Partition/Binarize Partition [1] % Outsiders
Partition/Copy to Vector
Operations/Network+Vector/Network*Vector [1]
Vector/Make Partition/by Intervals/Selected Thresholds [0.5]
Partition/Binarize Partition [2] % OutNeighbors
select Outsiders as the first and second partition
Partition/Add (First+Second)
select OutNeighbors as the second partition
Partition/Add (First+Second)
Operations/Network+Partition/Extract [1-*]
Operations/Network+Partition/Transform/Remove lines within clusters [1]
draw network+partition, Kawada-Kawai/Separate components
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Outsiders

v31v32v33

v40

v45

v46

v50v55

v59

v60

v61

v62

v63

v64

v65

v66

v74

v75

v76

v83

v85

v87

v97

v98
v104

v108

v116

v123

v141

v144

v147 v150

v151

v154

v155

v157

v158
v167

v171

v177

v216

v225

v229

v233

v239

v254

v262

v275

v276

v288 v292

v293

v296

v297

v302

v310
v311

v320

v324
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Determining the domination number γ

To determine a minimal domination set D∗ we have to add to the set
of Roots a minimal set Do that covers (a node is covered iff it is in
the set or is a neighbor of some node from the set) the set of
Outsiders (green or yellow). The red nodes are neighbors of
Outsiders that are covered by Roots.

The solution is not unique. For example to cover the outsider 32 we
can select any of the nodes 32, 31, and 33. To cover nodes 87, 66,
116 and 64 with a single node we have to select the node 65. Here is
a minimal set

Do = {32, 55, 65, 97, 98, 141, 171, 262, 302, 320}

The set of Roots contains 26 nodes + additional 10 nodes from Do

gives a minimal domination set D∗ with γ = 36 nodes.

We manually add nodes from Do to the Roots partition.
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US Airports 1997 / minimal dominant set

St Mary’s

Aniak

Anchorage Intl

TuluksakAkiachak

AkiakKwethluk

Bethel
Napaskiak

Napakiak Merle K {Mudhole} Smith

Tuntutuliak
Eek

Kongiganak

Kwigillingok

Quinhagak Yakutat

Dillingham
King Salmon

Gustavus
Juneau Intl

Kodiak

St Paul Island

SitkaPort Heiden
James A Johnson Petersburg

Wrangell

Ketchikan Intl

Sand Point

Cold Bay

Unalaska

Eareckson As

Adak Naf

Bellingham Intl Glacier Park Intl

Minot Intl
William R Fairchild Intl

Grand Forks Afb

Grand Forks Intl
Spokane Intl

Great Falls Intl

Seattle-Tacoma Intl

Pangborn Memorial

Grant County
Missoula Intll

Hector Intll

Duluth Intl

Bismarck Muni

Pullman/Moscow Regional

Helena Regional

Yakima Air Terminal

Marquette County

Lewiston-Nez Perce County

Tri-CitiesWalla Walla Regional

Bert Mooney

Billings Logan Intl

Gallatin Field

Eastern Oregon Regional At Pen

Portland Intl

Mcnary Fld

Minneapolis-St Paul Intl/Wold-

Bangor Intl

Central Wisconsin

Cherry Capital
Austin Straubel Intll

Burlington Intl

Outagamie County

Roberts Field

Mahlon Sweet Field

Rapid City Regional

Wittman Regional

Rochester Intll

La Crosse Muni

Portland Intl Jetport

Jackson Hole

Joe Foss Field

Boise Air Terminal /Gowen Fld/

Mbs Intll

Fanning Field

Friedman Memorial

North Bend Muni

Muskegon County

Oneida County

Dane County Regional-Truax Fie

Greater Rochester Intl

Syracuse Hancock Intl

Bishop Intll

General Mitchell Intll

Greater Buffalo Intl

Manchester

Pocatello Regional

Natrona County Intl

Kent County Intl

Capital City

Albany County

Waterloo Muni

Tompkins County

Twin Falls-Sun Valley Regional

Detroit City

Sioux Gateway

Dubuque Regional

Rogue Valley Intl- M

General Edward Lawrence Logan

Worcester Muni

Kalamazoo/Battle Creek Interna

Detroit Metropolitan Wayne Cou

Binghamton Regional/Edwin A Li

Greater Rockford

Elmira/Corning Regional

Klamath Falls Intll

Erie Intl
Chicago O’hare Intl

Bradley Intl

Cedar Rapids Muni

William B. Heilig Field

Merrill C Meigs

Chicago Midway

Jack Mc Namara Field

Theodore Francis Green State

Michiana Rgnl Transportation C

Toledo Express

Des Moines Intl

Stewart Int’l

Quad-City

Cleveland-Hopkins Intl

Wilkes-Barre/Scranton Intl

Eppley Airfield

Tweed-New Haven

Youngstown-Warren Regional

Westchester County

Fort Wayne Intll

Arcata
Akron-Canton Regional

Lincoln Muni

University Park

Elko Muni-J.C. Harris Field

Long Island Mac Arthur

Salt Lake City Intl

Burlington Regional

La Guardia

Newark Intl

Greater Peoria Regional

Lehigh Valley Intll

John F Kennedy Intl

Redding Muni

Pittsburgh Intll

Yampa Valley

Bloomington/Normal

Purdue University

Mercer County

Harrisburg Intll

University Of Illinois-Willard

Port Columbus Intl

Quincy Muni Baldwin Field

James M Cox Dayton Intl

Philadelphia Intl

Capital
Decatur

Chico Muni

Stapleton Intl

Indianapolis Intl

Eagle County Regional

Reno/Tahoe Intll

Atlantic City Intll

Hulman Regional

Kansas City Intl

Aspen-Pitkin Co/Sardy Field

Baltimore-Washington Intl

Walker Field

Cincinnati/Northern Kentucky I

Washington Dulles Intl

Lake Tahoe

Washington National

Columbia Regional

City Of Colorado Springs Muni

Lambert-St Louis Intl

Sacramento Metropolitan

Gunnison County

Sonoma County

Yeager
Tri-State/Milton J.Ferguson Fi

Pueblo Memorial

Louisville Intl

Charlottesville-Albemarle

Evansville Regional

Blue Grass
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Computing indices W and Wk

The set 5 airports consists of 5 nodes

5 airports = {8, 118, 248, 255, 261}

that correspond to airports: Anchorage Intl, Chicago O’hare Intl, Los
Angeles Intl, The William B Hartsfield Atlanta, Dallas/Fort Worth
Intl.

For the USair97 network we have n = 332 and γ = 36.

S Leaves 5 airports
|S | 55 5

|N(S)| 26 218
|S ∪ N(S)| 81 218
|N(S) \ S | 26 213

W (S) 81
332 = 0.243976 218

332 = 0.656627
W ∗(S) 26

296 = 0.087838 213
296 = 0.719595
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US Airports1997 / C = Leaves
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Kalamazoo/Battle Creek Interna

Detroit Metropolitan Wayne Cou

Binghamton Regional/Edwin A Li

Greater Rockford
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