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Linked / multi-mode networks

Linked or multi-mode networks are collections of networks over
at least two sets of nodes (modes) and consist of some
one-mode networks and some two-mode networks linking
different modes.

For example: modes are Persons and Organizations. Two
one-mode networks describe collaboration among Persons and
among Organizations. The linking two-mode network describes
membership of Persons to different Organizations.

Linked networks were introduced as a Meta-Matrix approach by
Krackhardt and Carley in 1998 [5, 3].

V. Batagelj Derived networks



Derived
networks

V. Batagelj

Linked
networks

Multiplication

Co-authorship
networks

Fractional
approach

Other derived
networks

Conclusions

References

MetaMatrix
Carley and Diesner
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MetaMatrix
CASOS data sets
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Analysis of linked networks

We can analyze each network separately using available
methods for analysis of one-mode and two-mode networks.

For analysis of linked networks we can also use the constrained
blockmodeling approach (Žiberna [10]).

In this presentation we will discuss some issues related to the
use of derived networks obtained by network multiplication.
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Multiplication of networks

Given a pair of compatible networks NA = ((I,K),AA,wA)
and NB = ((K,J ),AB ,wB) with corresponding matrices
AI×K and BK×J we call a product of networks NA and NB a
network NC = ((I,J ),AC ,wC ), where
AC = {(i , j) : i ∈ I, j ∈ J , ci ,j 6= 0} and wC (i , j) = ci ,j for
(i , j) ∈ AC . The product matrix C = [ci ,j ]I×J = A ∗ B is
defined in the standard way

ci ,j =
∑
k∈K

ai ,k · bk,j

In the case when I = K = J we are dealing with ordinary
one-mode networks (with square matrices).
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Multiplication of networks

K
I

J

i

k

j

A B

ai,k

bk,j

ci,j =
∑

k∈NA(i)∩N−B (j)

ai,k · bk,j

If all weights in networks NA and NB are equal to 1 the value of ci,j
counts the number of ways we can go from i ∈ I to j ∈ J passing
through K: ci,j = |NA(i) ∩ N−B (j)|.
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Multiplication of networks

The standard matrix multiplication is too slow to be used for
large networks. For sparse large networks we can multiply much
faster considering only nonzero elements. In general the
multiplication of large sparse networks is a ’dangerous’
operation since the result can ’explode’ – it is not sparse.

If for the sparse networks NA and NB there are in K only few
nodes with large degree and no one among them with large
degree in both networks then also the resulting product
network NC is sparse.

The multiplication transforms two linked networks on sets
I × K and K × J into a network on the sets I × J . Such
networks are called derived networks. They are usually
weighted.
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Two-mode network analysis
by conversion to one-mode network – projections

Often we transform a two-mode network N = ((U ,V),L,w)
into an ordinary (one-mode) network Nr = (U ,Ar ,wr ) or/and
Nc = (V,Ac ,wc), where Ar and wr are determined by the
matrix Wr = WWT .

The network Nc is determined in a similar way by the matrix
Wc = WTW.

The networks Nr and Nc are analyzed using standard methods.
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Bibliographic networks

From a bibliography on selected topic we can construct some
two-mode networks:

works × authors (WA),
works × keywords (WK);
works × journals/publishers (WJ);
works × classification (WC)
authors × institutions (AI);
institutions × countries (states) (IS);

and sometimes also the one-mode citation network

works × works (Ci);

where works include papers, reports, books, patents etc.

Besides this we get also at least the partition of works by the
publication year, and the vector of number of pages.
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First co-authorship network

Let WA be the works × authors two-mode authorship network;
wapi = 1 is describing the authorship of author i of work p.

∀p ∈W :
∑
i∈A

wapi = outdegWA(p) = # authors of work p

Transposition NT or t(N ) is a network obtained from N in
which the node sets are interchanged and to all arcs their
direction is reversed. AW = WAT , KW = WKT , . . .

The first co-authorship network is defined as Co = AW ∗WA

coij =
∑
p∈W

wapiwapj =
∑

p∈N−(i)∩N−(j)

1

coij = the number of works that authors i and j wrote together
coii = the total number of works that author i wrote

It holds: coij = coji .
V. Batagelj Derived networks
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Problem - papers with many co-authors
Cores of orders 20–47 in Co(SN5)

Network SN5 (2008): for "social network*" + most frequent references + around 100 social networkers;
|W | = 193376, |C | = 7950, |A| = 75930, |J| = 14651, |K | = 29267
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Outer product decomposition

Let x = [x1, x2, . . . , xn] and y = [y1, y2, . . . , ym] be vectors. Their
outer product x ◦ y is an n ×m matrix defined as

x ◦ y = [xi · yj ]n×m
Denoting Sx =

∑
i xi and Sy =

∑
j yj we get

S =
∑
i,j

(x ◦ y)ij =
∑
i

∑
j

xi · yj =
∑
i

xi ·
∑
j

yj = Sx · Sy

Therefore: Sx = Sy = 1 ⇒ S = 1.

It is easy to veryfy that the outer product decomposition holds

AK = AW ∗WK =
∑
w

WA[w , ·] ◦WK[w , ·], AW = WAT

Note that for networks with all weights equal to 1 we have

WA[w , ·] ◦WK[w , ·] = KNWA(w),NWK (w)

x ′ = x/Sx ⇒ Sx′ = 1
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Example
outer product decomposition

T
WA a1 a2 a3 a4 WK k1 k2 k3 k4 AK k1 k2 k3 k4
w1 1 0 1 0 w1 1 1 0 0 a1 2 3 2 2
w2 1 1 0 0 w2 1 0 1 0 a2 1 0 2 0
w3 1 0 1 1 * w3 0 1 1 1 = a3 1 3 1 2
w4 0 1 0 1 w4 0 0 1 0 a4 0 2 2 2
w5 1 0 1 1 w5 0 1 0 1

AK k1 k2 k3 k4 H1 k1 k2 k3 k4 H2 k1 k2 k3 k4
a1 2 3 2 2 a1 1 1 0 0 a1 1 0 1 0
a2 1 0 2 0 = a2 0 0 0 0 + a2 1 0 1 0 +
a3 1 3 1 2 a3 1 1 0 0 a3 0 0 0 0
a4 0 2 2 2 a4 0 0 0 0 a4 0 0 0 0

H3 k1 k2 k3 k4 H4 k1 k2 k3 k4 H5 k1 k2 k3 k4
a1 0 1 1 1 a1 0 0 0 0 a1 0 1 0 1
a2 0 0 0 0 + a2 0 0 1 0 + a2 0 0 0 0
a3 0 1 1 1 a3 0 0 0 0 a3 0 1 0 1
a4 0 1 1 1 a4 0 0 1 0 a4 0 1 0 1
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Fractional approach

(Out) normalization n(N ) is a network obtained from N in
which the weight of each arc a is divided by the sum of weights
of all arcs having the same initial node as the arc a. For binary
networks

n(A) = diag(
1

max(1, outdeg(i))
)i∈I ∗ A

To get an equal contribution S = 1 of each work to the
co-autorship network we have to use normalized vectors in the
outer product decomposition. This is equivalent to define a
normalized autorship network N = n(WA) – fractional
approach [2, 4, 8, 6, 9].
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Third co-authorship network

Then the third co-authorship network is

Ct = NT ∗N

ctij = the total contribution of ‘collaboration’ of author i with
author j to works.

It holds ctij = ctji .

We usually transform the network Ct into the corresponding
undirected network with doubled weights.
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Components in Ct(SN5) cut at level 0.5

Network SN5 (2008): for "social network*" + most frequent references + around 100 social networkers;
|W | = 193376, |C | = 7950, |A| = 75930, |J| = 14651, |K | = 29267

Borgatti_S

Cross_R

Jackson_M

Sparrowe_R

Carley_K

Galaskie_J

Wasserma_S

Holland_P

Leinhard_S

Newman_M

Knowlton_A

Schneide_J

Barabasi_A

Lin_N

Feld_S

Suitor_J

Wellman_B
Laumann_E

Lind_P Herrmann_H

Albert_R

Gronlund_A

Holme_P

Watts_D

Johnson_C

Braha_D

Jolly_A

Bernard_H

Latkin_C

Marsden_P

Neaigus_A

Rothenbe_R

Weisner_C

Anderson_C

Jeong_H

Hawkins_J

Berkman_L

Fraser_M

Miller_M

Breiger_R

Krackhar_D

Kilduff_M

Seeman_T

Yang_H

Nowak_M

Sundquis_J

Girvan_M

Lambiott_R

Stauffer_D Leydesdo_L

Vandenbe_P

Chen_H

Potterat_J

Park_J

Mandell_W

Sherman_S

Bell_D

Atkinson_J

Bonacich_P Grabowsk_A

Batagelj_V

Newton_J

Faust_K

Ohtsuki_H

Weisbuch_G

Acock_A

Hampton_K

Doreian_P

Hummon_N

Keeling_M

Moore_C

Willer_D

Grundy_E

Ennett_S

Bauman_K

Farmer_T

Feiring_C

Xie_H

Litwin_H

Degenne_A

Flap_H
Skyrms_B

Bar-Yam_Y

Davey-Ro_M

Lewis_M Ausloos_M

Mccarty_C

Pattison_P

Morris_M

Eames_KGhani_A

Hansson_L

Bjorkman_T

Cohen_C

Volker_B

Rodkin_P

Song_M

Miskel_C

Kretzsch_M

Wylie_J

Robins_G

Skvoretz_J

Garnett_G

Zenou_Y

Janssen_M

Killwort_P

Masuda_N

Jager_W

Bowling_A

Pillemer_K

Demeneze_M

Sneppen_K

Krause_N

Chou_K

Pinquart_M

Gastner_M

Pattie_C

Balkundi_P

Chi_I

Shelley_G

Woodard_K

Ostergre_P

Kogovsek_T

Carter_W

Everett_M

Ferligoj_A

Mrvar_A

Fararo_T

Hurlbert_J

Muth_S

Solomon_P

Fingerma_K

Birditt_K

Doak_S Assimako_D

Kosinski_R

Wallace_D

Sokolovs_J

Hanson_B

Bienenst_E

Rosvall_MCairns_B

Wallace_R

Hua_W

Foster_B

Calvo-Ar_A

Matzger_H

Shiovitz_S

Steinhau_H

Boyd_J

Ensel_W

Boyack_K

Xu_J

Sorensen_S

Vespigna_A

Banks_D

Rennemar_M
Kimura_M Saito_K

Seidman_S

Liden_R

Parker_A

Metzke_C

Farquhar_M

Konno_N

Franzen_A Hangartn_D

Johnston_R

Lindstro_D

Munoz-Fr_E

Holmes_D

Hagberg_B

Landau_R

Barer_B
Johansso_S

Fiala_J Paulusma_D

Tang_J

Pastor-S_R

Iacobucc_D

Teresi_J

Pemantle_R

Shaw_B

Horner_R
Stark_F

Hopkins_N

Draine_J

Stolle_R

Browne_P

Lebeaux_M

Leinhard_

Brusco_M Steinley_D

Klavans_R

Borlund_P

Pajek

V. Batagelj Derived networks



Derived
networks

V. Batagelj

Linked
networks

Multiplication

Co-authorship
networks

Fractional
approach

Other derived
networks

Conclusions

References

Newman’s co-authorship network

In 2001 Newman [7] proposed another fractional approach to defining
a co-authorship network considered as a proxy for collaboration
network. It is based on slightly different normalization

n′(A) = diag(
1

max(1, outdeg(i)− 1)
)i∈I ∗ A

The fourth or Newman’s co-authorship network is defined as

Ct′ = NT ∗N′, where N′ = n′(WA).

ct ′ij = the total contribution of ‘strict collaboration’ of authors i and j
to works.

The final result is returned as an undirected simple network without
loops and with weights

ct ′ij =
∑
p

2 · wapi · wapj
max(1, outdegWA(p)) ·max(1, outdegWA(p)− 1)
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Authors’ citations network

W

A

i
s

WA Ci

was,i

wat,j

A

j

W

t

WA
T

cis,t

Ca = AW ∗ Ci ∗WA is a network of citations between authors.
The weight w(i , j) counts the number of times a work authored
by i is citing a work authored by j .
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Islands in SN5 authors citation network

Network SN5 (2008): for "social network*" + most frequent references + around 100 social networkers;
|W | = 193376, |C | = 7950, |A| = 75930, |J| = 14651, |K | = 29267
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Bibliographic Coupling

In WoS2Pajek the citation
relation means p Ci q ≡
work p cites work q.

Therefore the bibliographic coupling (Kessler, 1963) network biCo
can be determined as

biCo = Ci ∗ CiT

bicopq = # of works cited by both works p and q = |Ci(p) ∩ Ci(q)|.

Bibliographic coupling weights are symmetric: bicopq = bicoqp:

biCoT = (Ci ∗ CiT )T = Ci ∗ CiT = biCo
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Bibliographic Coupling
fractional approach

Again we have problems with works with many citations, especially
with review papers. To neutralize their impact we can introduce
normalized measures. Let’s first look at

biC = n(Ci) ∗ CiT

where n(Ci) = D ∗ Ci and D = diag( 1

max(1,outdeg(p))
). DT = D .

biC = (D ∗ Ci) ∗ CiT = D ∗ biCo

biCT = (D ∗ biCo)T = biCoT ∗DT = biCo ∗D

For Ci(p) 6= ∅ and Ci(q) 6= ∅ it holds (proportions)

biCpq =
|Ci(p) ∩ Ci(q)|
|Ci(p)|

and biCqp =
|Ci(p) ∩ Ci(q)|
|Ci(q)|

= biCT
pq

and biCpq ∈ [0, 1].
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Bibliographic Coupling
fractional approach

Using biC we can construct different normalized measures such as

biCogpq =
√
biCpq · biCqp =

|Ci(p) ∩ Ci(q)|√
|Ci(p)| · |Ci(q)|

Geometric mean
Salton cosinus

biCojpq = (biC−1pq + biC−1qp − 1)−1 =
|Ci(p) ∩ Ci(q)|
|Ci(p) ∪ Ci(q)|

Jaccard index

Both measures are symmetric.
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Bibliographic Coupling
Jaccard islands [15, 75]

Network BMc (2016): for "block model*" or "network cluster*" ...;
|W | = 5695, |A| = 13376, |J| = 1756, |K | = 10269
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Conclusions

• Network multiplication enables us to link by derived
networks some directly unlinked modes in a multimode
network.

• The analysis of the obtained networks can be based on
their weights using cuts, (generalized) cores, islands, etc.

• It is important to understand the meaning of the weights.
Weights appropriate for our research question can be often
obtained by an appropriate normalization.
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