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Network G = (V,R) , R C V x
V is acyclic, if it doesn’t contain
any (proper) cycle.

RNI=0

In some cases we allow loops.
Examples: citation networks,
genealogies, project networks,

In real-life acyclic networks we
usually have a node property p :
Y — R (most often time), that is
compatible with arcs

(u,v) € R=p(u) < p(v)

Network/Create Partition/Components/Strong  [2]
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Basic properties of acyclic networks

Rnet, acyclic

V. Batageli Let G = (V, R) be acyclicand &/ C V, then G|U = (U, R|U),

' Rl = RNU x U is also acyclic.
ks Let G = (V, R) be acyclic, then G’ = (V, R~') is also acyclic.
Numberings Duallty
caven The set of sources Ming(V) = {v: ~3Ju e V: (u,v) € R} and the
Genealogies set of sinks Maxg(V) = {v: =3u € V : (v,u) € R} are nonempty
— (in finite networks).
searching

Transitive closure R of an acyclic relation R is acyclic.

Relation Q is a skeleton of relation Riff Q C R, Q = R and
relation Q is minimal such relation — no arc can be deleted from it
without destroying the second property.

Triads

A general relation (graph) can have several skeletons; butina
case of acyclic relation it is uniquely determined Q = R\ R * R.
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Mapping h : V — N7 is called depth
or level if all differences on the longest
path and the initial value equal to 1.

UV k<0
while U/ # () do
T + Ming(U); k + k+1
for v e 7 do h(v) « k
U+—UN\T

Drawing on levels. Macro Layers.
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p-graph of Bouchard’s genealogy
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Injective mapping h: V — 1..|V| com-
patible with relation R is called a fopo-
logical numbering.

"Topological sort’

U—V;k<0

while ¢/ # () do
select v € Ming(U); k + k + 1
h(v) + k
U+—U\{v}

Matrix display of acyclic network with vertices reordered
according to a topological numbering has a zero lower triangle.
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. Topological numberings
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Network/Acyclic Natwork/Depth Partition/Acyclic
Partition/Make Permutation
File/Network/Export as Matrix to EPS/Using Permutation
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S X Topological numberings and functions on
Y. acyclic networks

Rnet, acyclic
V. Batagelj
Acyclic
networks Let the function f : V — R be defined in the following way:
Numberings
Citation e f(v) is knownn in sources v € Ming(})
networks
Genealogies ® f(V) = F({f(u) : URV})
Fatlen If we compute the values of function f in a sequence determined
e by a topological numbering we can compute them in one pass
e since for each node v € V the values of f needed for its

computation are already known.

V. Batagelj Rnet, acyclic
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) Topological numberings — CPM

CPM (Critical Path Method): A project consists of tasks. Nodes of
a project network represent states of the project and arcs
represent tasks. Every project network is acyclic. For each task
(u, v) its execution time t(u, v) is known. A task can start only
when all the preceeding tasks are finished. We want to know what
is the shortest time in which the project can be completed.

Let T(v) denotes the earliest time of completion of all tasks
entering the state v.

T(v) =0, v € Ming(V)
T(v) = lrjnl%( T(u)+ t(u,v))

Network/Acyclic Network/Critical Path Method-CPM

V. Batagelj Rnet, acyclic
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aovslc == The citation network analysis
networks . .
S started in 1964 with the paper of
- Garfield et al. In 1989 Hummon
Citation . .
networks and Doreian proposed three in-
Genealogies dices — weights of arcs that pro-
Pattern - vide us with automatic way to
LY E Sife identify the (most) important part
face = =1 Ol %y of the citation network. For two
b =g  of these indices we developed
i I, algorithms to efficiently compute
s b /1 them.

V. Batagelj Rnet, acyclic


http://www.garfield.library.upenn.edu/papers/
http://www.garfield.library.upenn.edu/papers/
http://www.garfield.library.upenn.edu/papers/

Rnet, acyclic

V. Batagelj
Acyclic
networks
Numberings

Citation
networks

Genealogies

Pattern
searching

Triads

... Citation networks

In a given set of units/nodes U/ (articles, books, works, etc.) we
introduce a citing relation/set ofarcs RC U x U

URv = ucites v

which determines a citation network N = (U, R).

A citing relation is usually irreflexive (no loops) and (almost)
acyclic. We shall assume that it has these two properties. Since
in real-life citation networks the strong components are small
(usually 2 or 3 nodes) we can transform such network into an
acyclic network by shrinking strong components and deleting
loops. Other approaches exist. It is also useful to transform a
citation network to its standardized form by adding a common
source node s ¢ U and a common sink node t ¢ U. The source s
is linked by an arc to all minimal elements of R; and all maximal
elements of R are linked to the sink t. We add also the ‘feedback
arc (t, s).

V. Batagelj Rnet, acyclic



- Search path count method
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Acyclc Min R The search path count (SPC)

e method is based on counters

e R™ ) n(u,v) that count the num-

Chation_ L ber of different paths from s

Semsls u to t through the arc (u,v).

P— ¥ To compute n(u, v) we intro-

searching % duce two auxiliary quantities:

Triads . n—(v) counts the number of
L) different paths from s to v,

and n*(v) counts the number
Max R of different paths from v to t.

t

V. Batagelj Rnet, acyclic



Fast algorithm for SPC

Rnet, acyclic It follows by basic principles of combinatorics that
V. Batagelj

n(u,v) =n—(u)-nt(v), (u,v)eR
Acyclic
networks Where
Numberings .1 Uu=s

itati n(u)= ,

netuorks @) Y vvru (V) otherwise
Genealogies and
Pattem_ 1 —t
searching n+(U) _ u=
Triads Y vury 1H(V) otherwise

This is the basis of an efficient algorithm for computing n(u, v) —
after the topological sort of the graph we can compute, using the
above relations in topological order, the weights in time of order
O(m), m = |R|. The topological order ensures that all the
quantities in the right sides of the above equalities are already
computed when needed.

V. Batagelj Rnet, acyclic
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Hummon and Doreian indices and SPC

The Hummon and Doreian indices are defined as follows:

e search path link count (SPLC) method: w(u, v) equals the
number of “all possible search paths through the network
emanating from an origin node” through the arc (u, v) € R.

e search path node pair (SPNP) method: w,(u, v) “accounts
for all connected node pairs along the paths through the arc
(u,v) e R

We get the SPLC weights by applying the SPC method on the
network obtained from a given standardized network by linking
the source s by an arc to each nonminimal vertex from U{; and the
SPNP weights by applying the SPC method on the network
obtained from the SPLC network by additionally linking by an arc
each nonmaximal vertex from U/ to the sink t.

V. Batagelj Rnet, acyclic



Node weights

Rnet, acyclic
V. Batagelj
Acyclic The quantities used to compute the arc weights w can be used
e also to define the corresponding node weights t
Numberings
g(iette\lat/igrrlls tc(U) = ni(u) : n+(U)
Genealogies t[(U) = nI_(U) : nf(u)
n t(u) = ng(u)-ni(u
sP:;trihing P( ) p ( ) p( )
I They are counting the number of paths of selected type through

the node u.

Network/Acyclic Network/Citation Weights

V. Batagelj Rnet, acyclic



Properties of SPC weights

Rnet, acyclic . L
¥ Batacet The values of counters n(u, v) form a flow in the citation network
B2l _the Kirchoff's node law holds: For every node uin a
Acydlic standardized citation network incoming flow = outgoing flow:
networks
Numberings > on(v,u)y=>" n(u,v)=n(u)-n(u)
Citation

e o v:vRu v:uRv

SRR The weight n(t, s) equals to the total flow through network and

P provides a natural normalization of weights
searching
Triads
n(u, v
w(u,v) = (u,v) = 0<w(uv)<Ai
n(t,s)

and if C is a minimal arc-cut-set 3, ,cc w(u,v) = 1.

In large networks the values of weights can grow very large. This
should be considered in the implementation of the algorithms.

V. Batagelj Rnet, acyclic
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- Nonacyclic citation networks

If there is a cycle in a network then there is also an infinite
number of trails between some units. There are some standard
approaches to overcome the problem: to introduce some ’aging’
factor which makes the total weight of all trails converge to some
finite value; or to restrict the definition of a weight to some finite
subset of trails — for example paths or geodesics. But, new
problems arise: What is the right value of the ’aging’ factor? Is
there an efficient algorithm to count the restricted trails?

The other possibility, since a citation network is usually almost
acyclic, is to transform it into an acyclic network

¢ by identification (shrinking) of cyclic groups (nontrivial strong
components), or

¢ by deleting some arcs, or
e by transformations such as the ’preprint’ transformation.

V. Batagelj Rnet, acyclic



Rnet, acyclic

The preprint transforma-

¥ Batagel tion is based on the fol-
Acyclic %4 — @ @ lowing idea: Each pa-
networks - per from a strong compo-

Numberings ? /0 nent is duplicated with its
Citation \{ e
networks g)

‘preprint’ version. The pa-
@; pers inside strong compo-

St nent cite preprints.

Pattern

searching Large strong components in citation network are unlikely — their
Triads presence usually indicates an error in the data.

An exception from this rule is the HEP citation network of High
Energy Particle Physics literature from arXiv. In it different
versions of the same paper are treated as a unit. This leads to
large strongly connected components. The idea of preprint
transformation could be used also in this case to eliminate cycles.

V. Batagelj Rnet, acyclic
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Probabilistic flow

Rnet, acyclic Another way to measure the importance of nodes and arcs in

V. Batagelj acyclic networks is the following. Let V' = (V, A) be a
standardized acyclic network with source s € V and sink t € V.
noyolic The node potential, p(v), is defined by
Numberings p(u)
= 1 pry —_—
Citation ,D(S) and 'D( V) Z outdeg(u)
networks u:(u,v)eA
Genealogies
i i — _pw)
e The flow on the arc (u, v) is defined as ¢(u, V) = G- It
SEEIHITE follows immediately that
Triads
p(v)= > ouv)
u:(u,v)eA
and also,
S o= 3 PW POy
’ outdeg(v)  outdeg(v)
u:(v,u)eA u:(v,u)eA u:(v,u)eA

V. Batagelj Rnet, acyclic
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... probabilistic flow

Therefore, foreach v € V

Y wluv)= p(v;u) = p(v)
ui(

u:(u,v)eA v,u)eA

which states that Kirchoff’s law holds for the flow .
The probabilistic interpretation of flows has two parts:

1 The node potential of v, p(v), is equal to the probability that
a random walk starting in the source s goes through the
node v, and

2 The arc flow on (u, v), ¢(u, v), is equal to the probability that
a random walk starting in the source, s, goes through the arc
(u, v).

Note that the measures p and ¢ consider only “users” (future) and
do not depend on the past.

V. Batagelj Rnet, acyclic
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... probabilistic flow

SN5 citation network, flows multiplied with 108
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BARABASI_A(1999)286:509
WATTS_D (1998) 393:440
ALBERT_R (2002) 74:47
WASSERMA_S (1994) :
RONAYNE_J (1987) :
WANT_R(1992)10:91
JEONG_H (2001)411:41
FREEMAN_L (1979)1:215
NEWMAN_M (2003) 45:167
HOLBEN_B (1998) 66:1
ALBERT_R (2000)406:378
JEONG_H (2000) 407:651
FREEMAN_T,(1977) 40: 35
GIRVAN_M(2002)99:7821
[ANONYMO (2011) :

SELBY_P (1996)348:313
ZADEH_L(1997)90:111
[ANONYMO (2009) :

[ANONYMO (2010) :
STROGATZ_S (2001)410:268
BOCCALET_S (2006) 424:175
GRANOVET (1973) 78:1360
PARTON_R (1994)127:1199
GAREY_M (1979) :
HAGMANN_P (2008) 6:1479
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1796 26
1823 27
6951 28
7400 29
.2066 30
8577 31
5485 32
2715 33
8437 34
6278 35
6774 36
8359 37
6487 38
2631 39
7750 40
8034 41
1572 42
5712 43
0410 44
9130 45
6379 46
3402 47
0084 48
1673 49
6859 50
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Genealogies
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V. Batagelj Another example of acyclic networks are genealogies. In
_ ‘Sources’ we already described the following network
e representations of genealogies:

Numberings

Citation
networks

Genealogies

Pattern
searching

Triads

paper
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Properties of representations

fekaseie . graphs and bipartite p-graphs have many advantages:
V. Batagelj
g] e there are less nodes and links in p-graphs than in

noyolic corresponding Ore graphs;
Numberings e p-graphs are directed, acyclic networks;
Citation . . .
networks e every semi-cycle of the p-graph corresponds to a relinking
Genealogies marriage. There exist two types of relinking marriages: blood
Pattern marriage: e.g., marriage among brother and sister, and
searching non-blood marriage: e.g., two brothers marry two sisters
LCES from another family.

e p-graphs are more suitable for analyses.

Bipartite p-graphs have an additional advantage: we can
distinguish between a married uncle and a remarriage of a father.
This property enables us, for example, to find marriages between
half-brothers and half-sisters.

V. Batagelj Rnet, acyclic



Genealogies are sparse networks

Rnet, acyclic A genealogy is regular if every person in it has at most two
V. Batagelj parents. Genealogies are sparse networks — number of links is of

the same order as the number of nodes.
Acyclic

networks For a regular Ore genealogy (V, (A, £)) we have:
Numberings

_ 1 5
Giton A2V, (81 SV, Ie] = A+ 1E] < 2V
Genealogies p-graphs are almost trees — deviations from trees are caused by
Sjﬁ,‘i’hﬂng relinking marriages (Vp, Ap — nodes and arcs of p-graph, Ny —
T # of nodes with multiple marriages):

1
Vol = V| = €] + Nour, V] > [Vp| > §|V|, | Ap| < 2[Vp|
and for a bipartite p-graph, we have

3
VIS Vol < SV el < 21V]+ Mo

V. Batagelj Rnet, acyclic
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data VI el |ola| Wil | B | IVl | 1Al | R
Drame 29606 8256 41814 1.69 13937 843 22193 21862 0.99
Hawlina 7405 2406 9908 1.66 2808 215 5214 5306 1.02
Marcus 702 215 919 1.62 292 20 507 496 0.98
Mazol 2532 856 3347 1.66 894 74 1750 1794 1.03
President 2145 978 2223 1.49 282 93 1260 1222 0.97
Royale 17774 7382 25822 1.87 4441 1431 11823 15063 1.27
Loka 47956 14154 68052 1.71 21074 1426 35228 36192 1.03
Silba 6427 2217 9627 1.84 2263 270 4480 5281 1.18
Ragusa 5999 2002 9315 1.89 2347 379 4376 5336 1.22
Tur 1269 407 1987 1.89 549 94 956 1114 117
Royal92 3010 1138 3724 1.62 1003 269 2141 2259 1.06
Little 25968 8778 34640 1.67 8412 1.01
Mumma 34224 11334 45565 1.66 11556 1.00
Tilltson 42559 12796 54043 1.57 16967 1.00

V. Batagelj Rnet, acyclic




Relinking index

Rnet, acyclic
Let n denotes number of
V. Batagelj .
nodes in p-graph, m number
Acyclic ( of arcs, kK number of weakly
WETEEE / connected components, and
MU : M number of maximal nodes
Citati Y i
Clsten af (nodes having output degree
. 0,M=>1).
Genealogies
Pattern The relinking index is defined
searching .
as:
Triads
k+m-—n
Rl= ———
k+n-2M

For a trivial graph (having only one node) we define R/ = 0.
It holds 0 < RI < 1. RI = 0 iff network is a forest.

V. Batagelj Rnet, acyclic



Pattern searching

RISt e If a selected pattern determined by a given graph does not occur
V. Batagelj frequently in a sparse network the straightforward backtracking

o algorithm applied for pattern searching finds all appearences of
cyclic

TR the pattern very fast even in the case of very large networks.
NUTEEEE Pattern searching was successfully applied to searching for
Citation patterns of atoms in molecula (carbon rings) and searching for
Qetiels relinking marriages in genealogies.
Genealogies Three connected relinking mar-
Pattern riages in the genealogy (repre-
searching sented as a p-graph) of ragusan
Triads | g ‘ noble families. A solid arc indi-
J \_ | cates the _ is a son of _ relation,
Damenusiceage |arsaagons s and a dotted arc indicates the —
Heoimsisonds N is a daughter of _ relation. In
I all three patterns a brother and a
T P sister from one family found their
e partners in the same other fam-
ily.

V. Batagelj Rnet, acyclic



Rnet, acyclic

V. Batagelj
Acyclic
networks
Numberings

Citation
networks

Genealogies

Pattern
searching

Triads

... Pattern searching

To speed up the search or to consider some additional properties
of the pattern, a user can set some additional options:

¢ nodes in network should match with nodes in pattern in
some nominal, ordinal or numerical property (for example,
type of atom in molecula);

o values of edges must match (for example, edges
representing male/female links in the case of p-graphs);

¢ the first node in the pattern can be selected only from a
given subset of nodes in the network.

Networks/Fragment (First in Second)

V. Batagelj Rnet, acyclic
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Relinking patterns in p-graphs

All possible relinking marriages
" in p-graphs with 2 to 6 nodes.
I> Patterns are labeled as follows:

first nodes: A —single, B —
two, C — three.

@E 00 &

5 I':I e first character — number of

>

51 e second character: number
of nodes in pattern (2, 3, 4,
5, or 6).

A3 e |ast character: identifier (if
the two first characters are
identical).

<
&

6.1

Patterns denoted by A are ex-

003 actly the blood marriages. In ev-
AW ery pattern the number of first
nodes is equal to the number of

frag16.paj last nodes.

e
P

V. Batagelj Rnet, acyclic
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couples in p-graph x 1000

Rnet, acyclic
TR pattern Loka | Silba | Ragusa Turcs | Royal
bR A2 0.07 | 0.00 0.00 0.00 | 0.00
A3 0.07 | 0.00 0.00 0.00 | 2.64
Acyclic A4 .1 0.85 | 2.26 1.50 | 159.71 | 18.45
networks B4 3.82 | 11.28 10.49 | 98.28 6.15
NUTEEH R A4.2 0.00 | 0.00 0.00 0.00 | 0.00
A5.1 0.64 | 3.16 2.00 | 36.86 | 11.42
Citation A5.2 0.00 | 0.00 0.00 0.00 | 0.00
TS B5 1.34 | 4.96 23.48 | 46.68 7.03
Seieels A6.1 1.98 | 12.63 1.00 | 169.53 | 11.42
AB.2 0.00 | 0.90 0.00 0.00 | 0.88
Rattern A6.3 0.00 | 0.00 0.00 0.00 | 0.00
SEETEillg C6 0.71 5.41 9.49 | 36.86 | 4.39
Tt B6.1 0.00 | 0.45 1.00 0.00 | 0.00
B6.2 1.91 | 17.59 31.47 | 130.22 | 10.54
B6.3 3.32 | 13.53 40.96 | 113.02 | 11.42
B6.4 0.00 | 0.00 2.50 7.37 | 0.00
Sum 1470 | 7217 | 123.88 | 798.53 | 84.36

Most of the relinking marriages happened in the genealogy of Turkish
nomads; the second is Ragusa while in other genealogies they are much
less frequent.

V. Batagelj Rnet, acyclic


http://vlado.fmf.uni-lj.si/pub/networks/data/esna/ragusa.htm
http://vlado.fmf.uni-lj.si/pub/networks/data/GED/P-Tur.GED
http://vlado.fmf.uni-lj.si/pub/networks/pajek/GED/royal/Royal92.zip

Bipartite p-graphs: Marriage among
half-cousins

Rnet, acyclic
V. Batagelj
Acyclic
networks /D . /Daefnjamin Simoniti & Natalija Mavric
Numberings ‘\‘A
L O enjamin Simoniti ‘ONataIija Mavric
Citation .
networks Y - B v oo . -
D Anton Simoniti & Jozefa Mavric Alojz Mavric & Angela Zuljan
Genealogies T : ?
Y
Pattern CY) OJozefa Mavric Alojz Mavric
searching :
y ¥
Triads ¥ Josip Mavric & MjrjutaZ}DJosip Mavric & Rezka Zamar
D\A/D /\&osip Mavric

V. Batagelj Rnet, acyclic



Triads

RS Let G = (V,R) be a simple
V. Batagelj directed graph without loops.
° A triadis a subgraph induced

Acyclic / / A by a given set of three nodes.
networks o o ° ° ° There are 16 nonisomorphic
Numberings o oo i 4-omp (types of) triads. They can

be partitioned into three ba-

z i sic types:

>

Citation
networks

Genealogies 5-021U 6-021C 7-111D 8-111U L4 the nu// triad OOS,
Pattern P
searching ® dyadic triads 012 and
102; and
Triads
9-030T 10- 030C 11-201 12-120D Y connecl‘ed tl’iadS:

111D, 201, 210, 300,

021D, 111U, 120D,
é ; g & 021U, 030T, 120U,
021G, 030C and

13-120U 14-120C 15-210 16 - 300
120C.

P>

Network/Info/Triadic Census

V. Batagelj Rnet, acyclic



Rnet, acyclic

V. Batagelj
Acyclic
networks
Numberings

Citation
networks

Genealogies

Pattern
searching

Triads

Moody

V. Batagelj

Rnet, acyclic

Several properties of
a graph can be ex-
pressed in terms of its
triadic spectrum — dis-
tribution of all its tri-
ads. It also provides
ingredients for p* net-
work models.

A direct approach to
determine the triadic
spectrum is of order
O(r®); but in most
large graphs it can
be determined much
faster.


http://www.soc.sbs.ohio-state.edu/jwm/s884/notes/class_8.ppt
http://kentucky.psych.uiuc.edu/pstar/index.html
http://kentucky.psych.uiuc.edu/pstar/index.html
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