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University of Ljubljana, Slovenia University of Ljubljana, Slovenia

Vladimir Batagelj

University of Ljubljana, Slovenia

Abstract: Often the data units are described with discrete distributions (work de-
scribed with citation distribution over time, population pyramid described as age-sex
distribution etc.). When the set of such units is very large, appropriate clustering meth-
ods can reveal the typical patterns hidden in the data.

In this paper we present an adapted leaders method combined with a compatible
adapted agglomerative hierarchical method that are based on relative error measure
between a unit and the corresponding cluster representative–leader. The proposed ap-
proach is illustrated on citation distributions derived from the data set of US patents
from 1980 to 1999. These new methods were developed because clustering of units,
described with distributions, with classical k-means method reveals patterns with
single high peaks which correspond to a single year. These patterns prevail over
other distribution shapes also present in the data. Compared with centers in k-means
method, clusters’ representatives obtained with the proposed new methods better de-
tect typical distribution shapes of units. The obtained main cluster types for different
sets of units show three main patterns: patents with early or late peak of importance
to the community, and patents where the importance is slowly increasing throughout
the time period.
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1. Introduction

A motivation for this paper stems from the question of how to deter-
mine main patterns or shapes of the works’ (scientific papers, books, patents
etc.) citation distributions.

A citation network consists of works (vertices) and their citations
(arcs). For each work we know also the information about its first appear-
ance (publication year). Since a newly published work can cite only works
that existed (were published) before it, the citation networks are (almost)
acyclic. From the time of the first appearance of each work and the citation
relation it is easy to construct for each work the distribution of its citations
through time–temporal citation distribution. The work was published some-
where in the past and from that time on, it was open to citations. The shape
of the temporal citation distribution carries information on the importance
or “relevance” of the work at subsequent points in time. If the number of
citations is increasing in time, the work is becoming more and more interest-
ing, whereas if the number of citations decreases, it has very likely already
reached its peak of importance. As such, the shape of the temporal cita-
tion distribution is one of the indicators of the work’s importance, although
the importance of works can be measured also in other ways (IMU Report
2008). An interesting approach for describing the shape of the temporal ci-
tation distribution could be functional data analysis (see Ramsey 2005).

It is always a challenge how to include this type of information into
the methodology for selection of the appropriate quality measure of such
works. Some approaches how to include time in the evaluation of cited
works can be found for example in bibliometrics (Garfield 1998a; Research
report by Universities UK 2007 or Sidiropoulos, Katsaros, and Manolopou-
los 2006 and Katsaros, Sidiropoulos, and Manolopoulos 2007). We have to
be aware of some essential differences that ought to be considered when we
evaluate bibliographic works (Garfield 1985; 1998b).

The aim of this article is to find and describe an appropriate clustering
method that reveals main patterns or shapes of the works’ citation distribu-
tions. Since the set of works is usually large, the first selection of cluster-
ing approach is frequently the combination of standard k-means (leaders)
method and Ward’s clustering method. Because of the nature of the squared
Euclidean distance on which these two methods are based, the final clus-
tering gives mostly cluster representatives with single high peak. To obtain
more informative results we are proposing to use new error measures on
which the methods are based and derive the corresponding adapted leaders
method and agglomerative hierarchical clustering method.

In the next section we present the US patents data set that is used
throughout the paper as an example of the data where the new, adapted meth-
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ods can be used. Section 3 presents the heart of our work. Several new error
measures between unit and cluster representative (leader) are proposed and
an illustration of how to use them in generalized leaders method is presented.
When using the combination of a leaders method (to reduce the size of the
data) and a hierarchical method (to determine the final number and compo-
sition of clusters), the use of compatible methods is preferred. Therefore we
also adapt the agglomerative hierarchical clustering method according to the
proposed new error measures.

Further, the results obtained with the new methods on US patents data
set are presented. To validate the obtained clusters, we inspect whether they
can be characterized by values of the other patent variables that were not
included in the clustering process.

2. Data—US Patents

In this work we use the US patents’ data set (see Hall, Jaffe and
Tratjenberg 2001). It is a very large (almost 3.8 million patents and more
than 16.5 million citations), high quality and easily accessible temporal data
set about a real citation network. The data consists of information about
patents granted between January 1963 and December 1999. Patent citations
are available only from 1975 on. We limited the data in this article on patents
and their citations from 1980 till 1999. The in-degree distribution of patents
network is close to scale-free distribution (Newman 2005).

Each patent in the data set is described with some additional variables.
The patent’s grant year serves as a time point we use to obtain the empir-
ical temporal citation distributions. For each patent X the time distribution
of citations to it—temporal citation frequency distribution FX—is created.
FX = [f1, f2, . . . , fm], where fi is the number of citations to patent X in the
i-th year. To make the citation distributions comparable we decided to con-
vert their descriptions into the relative frequency distributions (for f �= 0)

X = [f1/f, f2/f, . . . , fm/f ],

where f =
∑

fi. Because of the length of the term relative temporal ci-
tation distribution (a special case of (discrete) distribution) for the unit’s
description we will use its abbreviation RTCD.

Other variables that we use as explanatory variables are (for a detailed
description see Hall et al. 2001):

• number of citations.
• technological category (1–6): (Hall et al. 2001) simplification grouping

of USPTO classification (1 Chemical, 2 Drugs&Medical, 3 Computer&
Communication, 4 Electrical&Electronics, 5 Mechanical, 6 Others).
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• assignee type (1–6): types of assignees are defined according to non-
government institutions (2 US, 3 non-US), individuals (4 US, 5 non-US)
or government organizations (6); 1 stays for unassigned.

• generality: gi = 1−∑ni

j s2ij , where sij denotes the percentage of citations
received by patent i that belong to patent class j out of ni patent classes.
A high generality measure means that a patent got cited by patents of a
wide range of fields. It is presumed that such a patent has a wider impact
and influences innovations in many different fields.

• originality: similarly to generality, oi = 1 −∑ni

j t2ij , where tij denotes
the percentage of citations made. If a patent cites patents from a narrow
field the measure will be low, whereas the citation of patents from various
fields gives the high value of originality.

• percentage of self-citations: for each patent with an assignee code the
number of citations that it made to (previous) patents that have the same
assignee code is counted, and is divided by the number of citations (with
the assignee code) that it made. This is the “upper bound” (Hall et al.
2001) for the self-citations percentage.

There were 55,537 patents granted in 1980 and cited at least once in
20 years. RTCDs were determined for the interval of 20 years from 1980
to 1999. Because the procedure uses the relative descriptions, an often cited
patent cited only in one year has the same representation as a patent cited
only once in that year. We found that patents with very few citations influ-
ence the shapes of the clusters too much so it was natural to limit the data set
to those patents with at least some prescribed number of citations (8–17,492
patents, 15–6,123 patents, or 20–3,245 patents).

The second data set consists of 22,514 patents granted from 1980–84
and cited at least 15 times in a 15-year time period. Here, we were interested
also in the grant year—does the grant year of a patent influence its citation
pattern?

Therefore two different data sets were considered:

• patents from one grant year only (1980) and observed in a specified time
period (20 years from 1980 till 1999);

• patents from different grant years (1980–1984), but observed for the same
amount of time (same time window–15 years from patent’s grant year).

3. Methods

The patent RTCD’s data set is too large for hierarchical clustering,
therefore a non-hierarchical clustering method is used. The drawback of the
non-hierarchical methods is that we have to know or guess the appropri-
ate number of clusters. To avoid this problem two methods are combined:
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non-hierarchical method for patents, described with RTCDs, and a compat-
ible (based on the same criterion function) hierarchical method for leaders
of the obtained clusters of patents. Therefore the clustering of patents was
performed in two steps:

(1) clustering a large data set of patents with the leaders method to pro-
duce a smaller set of patent cluster representatives;

(2) clustering patent cluster representatives using a hierarchical method
to reveal the relations among them and to determine the most suitable
number of clusters.

3.1 Leaders Method

The most popular non-hierarchical clustering method is k-means
method (Forgy 1965; MacQueen 1967; Anderberg 1973). It is a special ver-
sion of a more general leaders clustering method (Vinod 1969; Hartigan
1975; Diday 1979). To describe the leaders clustering method the follow-
ing notation will be used: X—unit; U—a finite set of units; C—a cluster,
C ⊆ U and C �= ∅; C—clustering, C = {Ci}; Φ—a set of feasible clus-
terings; P—a criterion function, P : Φ → R

+
0 , the nonnegative reals. With

these notions we can express the clustering problem (Φ, P ) as follows:
Determine the clustering C� ∈ Φ for which

P (C�) = min
C∈Φ

P (C).

A clustering C = {C1, C2, . . . , Ck} is a partition iff
⋃

C∈C = U and Ci ∩
Cj = ∅, for i �= j. In our case we shall consider Φ = {C : C is a partition
in k clusters}. Each partition determines a clustering function c : U → N

c(X) = i ⇔ X ∈ Ci.

From a set of leaders Λ, for each cluster C a leader Y is selected. The leaders
method is based on the generalized criterion function

W (C,L) =
∑
X∈U

Δ(X,Yc(X)),

where L = {Y1, Y2, . . . , Yk} ⊂ Λ and the unit’s error Δ(X,Y) is the error
produced by replacing a unit X with the leader Y. Note that in general the
leader Y and unit X can be from different spaces. For example, we could
describe clusters by regression lines—therefore Y ∈ R

2.
Between the generalized criterion function W and the clustering cri-

terion function P the following relation is required

P (C) = min
L⊂Λ

W (C,L).
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As is well known from the literature (Brucker 1978) the problem to
get the exact solution of clustering problem is in most cases computation-
ally hard. In practice, local optimization procedures are used since they give
quite satisfactory results.

For large data sets the most popular is the leaders method which can
be described by the following pseudo-code (Salton 1989; Hartigan 1975):

C–initial clustering
repeat

determine new leaders L = {Y1,Y2, . . . ,Yk} :

Yi = argminY
∑
X∈Ci

Δ(X,Y), i = 1, . . . , k

determine new clustering C = {C1, C2, . . . , Ck} :
c(X) = argmini∈1..k Δ(X,Yi)

until leaders stabilize

The leaders method produces a locally optimal solutions of the correspond-
ing clustering problem.

In our case a unit X = [x1, x2, . . . , xm] ∈ R
m is described by values

of m variables, and also a leader Y = [y1, y2, . . . , ym] ∈ Λ, is presented as
m-dimensional vector from R

m. We assume the “orthonormal model” (the
total error is the sum of the partial errors) in which the unit’s error Δ(X,Y)
can be expressed component-wise

Δ(X,Y) =

m∑
t=1

δ(xt, yt), (1)

where δ(x, y) is a component error measure. It is required that δ(x, y) ≥ 0
and δ(x, x) = 0.

The new leader of a cluster is calculated from all units currently in the
cluster:

Y�
i = argminY

∑
X∈Ci

Δ(X,Y)= argminY
∑
X∈Ci

m∑
t=1

δ(xt, yt)

=

[
argminyt

∑
X∈Ci

δ(xt, yt)

]m
t=1

.

Based on this equality we can further limit ourselves on only one component

y�it = argminyt

∑
X∈Ci

δ(xt, yt),
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and therefore omit the subscript t. The leader’s component of the cluster C
can be written in simplified notation as

y� = argminy∈R
∑
X∈C

δ(x, y), (2)

For example, for the classical error measure δ(x, y) = (x− y)2 the optimal
solution is

y� =
1

|C|
∑
X∈C

x.

Therefore, the well-known k-means method is a special version of the lead-
ers method, where units are represented with numerical vectors, the error of
a unit is the squared Euclidean distance and the representative (leader) of
the cluster is its center of gravity.

The criterion function P can be also written as a sum of cluster errors
p(C), which in our case can be expressed component-wise as

P (C) =
∑
C∈C

p(C) and p(C) =

m∑
t=1

pt(C),

where
pt(C) =

∑
X∈C

δ(xt, y
�
t ). (3)

3.2 Example: Patents Granted in Year 1980, Clustered with Classical
K-means Method

The classical k-means method was applied to the data sets of the most
cited patents with at least 8 citations (17,492 patents), with at least 15 cita-
tions (6,123 patents) and with at least 20 citations (3,245 patents). In Fig-
ure 1 we present two examples of clusters obtained with classical k-means
method. The gray lines on each graph represent RTCDs of patents. The clus-
ter leader (the center of gravity of the cluster) is marked with a thicker black
line. In both panels we can see cluster representatives with single high peak.

In most of the obtained clusters only one year seems to character-
ize all patents inside the cluster. The main reason for this is the nature of
the squared Euclidean distance used for clustering RTCDs that have all the
values in the interval [0, 1]—its value is mainly determined by few largest
values. Citation distributions of some patents can have the highest value in
the same year but are otherwise quite different in shape. However, with the
squared Euclidean distance they would be classified to the same cluster. This
motivated our investigation of the new error measures.
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Figure 1. Clusters of patents with patents’ temporal distributions and cluster leaders.

To obtain more informative clusters an appropriate relative measure
has to be used. In Table 1 nine different component error measures δ are
presented together with corresponding leaders y�–optimal solutions of the
problem (2). For error measures δ3 to δ9 we assume that x, y ∈ R

+
0 . The

first two of them are well-known distances and therefore symmetrical. The
error measure δ1 is the squared Euclidean distance which is used in the clas-
sical k-means method, and the second one, δ2, is the city-block or Manhat-
tan distance. The Euclidean and Manhattan distance are both special cases
of the more general Minkowski distance (Gower and Legendre 1986). To
our knowledge, the component error measures δ3 to δ9 represent the novel
options to clustering procedures. Measures from δ3 to δ6 are asymmetrical.

In error measures special attention should be given to possible divi-
sions with zero. If the numerator is zero, then also the value of the frac-
tion is set to zero, otherwise the value is infinite. In our computer program
(clustddist–R package; Kejžar, Korenjak-Černe and Batagelj 2009) a very
large value of 106 is used instead of infinity.

In this article we selected for the relative component error measure
the function δ4 from Table 1. The adapted leaders method and adapted hi-
erarchical clustering method were developed. Some of the results obtained
using the proposed methods on the US patent data set are presented in the
following sections. A comparison of methods based on error measures δ1 to
δ9 were presented at the IFCS 2009 conference (Kejžar et al. 2009).

3.3 Clustering Method with Relative Error Measure

We are proposing a clustering approach based on the component error
measure δ4 from Table 1 for which we derived the corresponding versions
of the leaders method and a compatible hierarchical clustering method. As
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Table 1. The component error measures with corresponding optimal solutions.

δ(x, y) y�

1 (x− y)2 y� = 1
|C|

∑
X∈C x = At(C)

2 |x− y| y� = med{x : X ∈ C}
3 (x−y

y
)2 y� =

∑
X∈C

x2∑
X∈C

x
= St(C)

At(C)

4 (x−y)2

y
y� =

√
1

|C|
∑

X∈C x2 =
√

St(C)

5 (x−y
x

)2 y� =

∑
X∈C

1
x∑

X∈C

1
x2

6 (x−y)2

x
y� = |C|∑

X∈C

1
x

= Ht(C)

7 (x−y)2

xy
y� =

√∑
X∈C

x∑
X∈C

1
x

=
√

At(C)Ht(C)

8 (x−y
x+y

)2 solve : y
∑

X∈C
x

(x+y)3
=

∑
X∈C

x2

(x+y)3

9 (x−y)2

x+y
solve : |C| = ∑

X∈C(
2x

x+y
)2

we showed in the previous section we can limit our derivation only to one
component.

The optimal leader of the cluster for component error measure δ is
determined by minimizing the sum of all component errors between the units
and the leader (see Eq. (2)), therefore

∂
∑

X∈C δ(x, y)

∂y
= 0.

For the component error measure δ4 we get:

∂

∂y

(∑
X∈C

(x − y)2

y

)
=
∑
X∈C

(
− (x− y)2

y2
− 2(x− y)

y

)
=
∑
X∈C

(
1− x2

y2

)
= 0.

Solving this equation for the leader y we get

y� =

√
1

|C|
∑
X∈C

x2 =
√

St(C).

Optimal leaders for all proposed error measures from Table 1 are given in the
third column of that table. They are derived in a similar way as for δ4. Note
that for distributions the corresponding leader is not for all δ a distribution
itself—the sum of all components is not always 1.
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3.4 Hierarchical Method Adapted on the Relative Error Measure

When using the combination of leaders and hierarchical methods as
one procedure, it is desirable to preserve the same relation among clus-
ters throughout the procedures—they should be based on the same criterion
function P (C), therefore also on the same component error measure δ(x, y).
For example, the k-means method and Ward’s hierarchical clustering method
are both based on the squared Euclidean distance δ1.

As k-means is a special case of (non-hierarchical) leaders method,
also Ward’s (1963) method belongs to the family of more general agglomer-
ative hierarchical clustering methods. In the agglomerative hierarchical clus-
tering method (Anderberg 1973), two nearest clusters are merged in each
step. A procedure produces a series of partitions (Ci) of the units according
to the dissimilarity measure D(Cp, Cq) between clusters. The procedure can
be described by the following pseudo-code:

C0 = {{X}; X ∈ U } ; h0 = 0
for k := 1 to |U| − 1 do

(u, v) = argmin(p,q): Cp,Cq∈Ck−1
D(Cp, Cq)

Cu,v = Cu ∪ Cv

Ck = Ck−1\{Cu, Cv} ∪ {Cu,v}
hk = D(Cu, Cv)
update D(Cu,v, Cs), Cs ∈ Ck

endfor.

Here hk is the height of merging of clusters Cu and Cv.
Let us assume the component-wise form of D(Cp, Cq) =

∑m
t=1

Dt(Cp, Cq). For example, for the component error measure δ1(x, y) = (x−
y)2 we have y�C = 1

|C|
∑

X∈C x = A(C) (see Table 1). For disjoint clusters
Cu and Cv fused into cluster Cz = Cu∪Cv, where u, v and z are the leaders
of corresponding clusters, it holds

z =
|Cu|u+ |Cv|v
|Cu|+ |Cv| .

It is well known (for example Späth 1977) that for δ1 we get

D(Cu, Cv) =
|Cu| · |Cv|
|Cu|+ |Cv| d(u, v),

the Ward’s dissimilarity between clusters Cu and Cv, where d(u, v) is the
squared Euclidean distance between the centers u and v of the clusters Cu

and Cv.
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Most of agglomerative hierarchical clustering methods can be seen as
greedy procedures based on the model (Batagelj 1988)

p(Cz) = p(Cu ∪ Cv) = p(Cu) + p(Cv) +D(Cu, Cv),

because for it
P (Ck) = P (Ck−1) +D(Cu, Cv)

holds. An intuitive explanation of the model would consider the division of
the variance (inertia): total Var (of Cz) = within Var (Cu and Cv)+between
Var(D).

Since also the cluster’s error p(C) can be expressed component-wise
(see Eq. (3)) we can without loss of generality limit ourselves to only one
component and omit the subscript t from further derivations. For component
error measure δ4(x, y) =

(x−y)2

y we derived the following update formulas
for hierarchical clustering. From Table 1 we know:

y�C =

√
1

|C|
∑
X∈C

x2 or |C| y�C2 =
∑
X∈C

x2.

Therefore, considering the last equation, for disjoint clusters Cu and Cv

fused into cluster Cz = Cu ∪ Cv we have

|Cz|z2 =
∑
x∈Cz

x2 =
∑
x∈Cu

x2 +
∑
x∈Cv

x2 = |Cu|u2 + |Cv|v2.

This gives (the component of) the leader of the fused cluster:

z =

√
|Cu|u2 + |Cv|v2
|Cu|+ |Cv | . (4)

Using the greedy approach model this yields (for simplicity we use δ(x, y) =
δ4(x, y))

D(Cu, Cv) = p(Cu ∪ Cv)− p(Cu)− p(Cv)

=
∑
x∈Cu

(δ(x, z) − δ(x, u)) +
∑
x∈Cv

(δ(x, z) − δ(x, v)).

Let us evaluate the term

δ(x, z) − δ(x, u) =
(x− z)2

z
− (x− u)2

u
=

ux2 + uz2 − zx2 − zu2

uz
.
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Since
∑

x∈Cu
x2 = |Cu|u2, summing the terms over Cu we get

∑
x∈Cu

(δ(x, z) − δ(x, u)) =
u|Cu|u2 + |Cu|uz2 − z|Cu|u2 − |Cu|zu2

uz

=
|Cu|(u− z)2

z
= |Cu|δ(u, z)

and finally:
D(Cu, Cv) = |Cu|δ(u, z) + |Cv|δ(v, z). (5)

Further computation of dissimilarity between clusters gives us

D(Cu, Cv) = |Cu|(u− z)2

z
+ |Cv|(v − z)2

z

=
1

z
(|Cu|(u2 − 2uz + z2) + |Cv|(v2 − 2vz + z2))

=
1

z
(2(|Cu|+ |Cv|)z2 − 2z(|Cu|u+ |Cv|v))

and finally D(Cu, Cv) = 2(|Cz |z − |Cu|u− |Cv|v).
Since D(Cu, Cv) ≥ 0 it follows from the equation above:

z ≥ |Cu|u+ |Cv|v
|Cu|+ |Cv| (weighted mean of u and v).

Also (for singletons): D({u}, {v}) = 2(
√

2(u2 + v2)− u− v).
Similarly the dissimilarity D(Cu, Cv) can be obtained for other er-

ror measures from Table 1. They are presented in Table 2, where su =∑
X∈Cu

x and hu =
∑

X∈Cu

1
x . The derivations not published in this paper

can be obtained from: http://www.educa.fmf.uni-lj.si/datana/
pub/papers/ClDDisSup.pdf.

The monotonicity of the proposed relative error measures has not been
proven yet. However, in the obtained clusterings of US patents based on δ4
inversions never occurred.

4. Clustering Results for US Patents Data

4.1 Patents Granted in Year 1980 with at Least 20 Citations

In the first step, clustering of patents is performed with the adapted
leaders method that uses error measure δ4 from Table 1. The results of clus-
tering of patents with at least 20 citations in 40 clusters are presented in
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Table 2. The component error measures with corresponding dissimilarities D(Cu, Cv) and
new leaders z.

δ(x, y) z D(Cu, Cv)

1 (x− y)2 |Cu|u+|Cv|v
|Cu|+|Cv|

|Cu|·|Cv |
|Cu|+|Cv |δ(u, v)

3 (x−y
y

)2 usu+vsv
su+sv

su
u
δ(u, z) + sv

v
δ(v, z)

4 (x−y)2

y

√
|Cu|u2+|Cv|v2

|Cu|+|Cv | |Cu|δ(u, z) + |Cv|δ(v, z)
5 (x−y

x
)2 hu+hv

hu
u

+
hv
v

uhuδ(u, z) + vhvδ(v, z)

6 (x−y)2

x
|Cu|+|Cv|
hu+hv

|Cu|δ(u, z) + |Cv|δ(v, z)
7 (x−y)2

xy

√
su+sv
su
u2 +

sv
v2

su
u
δ(u, z) + sv

v
δ(v, z)

Figure 2 and Figure 3. As in Figure 1, also in this one, the gray lines on each
graph represent the RTCDs of single patent and the cluster leader is marked
with a thicker black line.

The cluster leaders in this case are more informative, since more than
one year is detected to be important for some of the patents’ clusters. Al-
though clustering methods do not take the time (temporal ordering) into ac-
count, most of the resulting top leaders have a “continuous” shape.

To determine the main patterns of the clusters of patents, obtained by
the leaders method, they were further clustered using the compatible hierar-
chical clustering procedure (second step of clustering). As can be seen from
Eq. (4) and Eq. (5), the leaders and dissimilarity measures in hierarchical
clustering weigh clusters according to their sizes, therefore the last 10 clus-
ters have negligible influence on the outcome. This allows us to exclude 10
clusters that have less than 10 patents from further analysis.

The dendrogram over the remaining 30 clusters is presented in Figure
4. On the right side of the picture the patent clusters are clustered into 7
clusters, which are represented by graphs of units–leaders and the cluster
leader. Light gray lines correspond to the clusters’ leaders and black lines
that represent main patterns correspond to the leaders of the joint clusters.
The quantitative descriptions of these 7 clusters’ leaders are given in Table
3. Note that from this table it can be seen that leaders are not necessarily
relative distributions (the sum of the components is not necessarily equal to
1).

The optimal cluster leaders are based on a selected relative measure of
cluster errors. Although the proposed clustering methods do not consider the
time (ordering), the additional hierarchical clustering of the patent clusters
pointed out three main patterns that are based on the time (see Figure 5):
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Figure 4. Relations among 30 clusters of patents. The right hand side of the figure is derived

from the left.
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Figure 5. Three main cluster patterns.

(1) the set of patents that reached their importance in the first and second
quarter of the observed period and were losing their position towards the
end (the first two hierarchical clusters in the right part of Figure 4);

(2) the set of patents whose importance was increasing towards the end of the
observed period (the third and fourth hierarchical clusters); and

(3) the set of patents with slightly increasing (or stable) importance that were
cited over the whole observed period of 20 years.

We further inspected the seven hierarchical clusters from Figure 4
in order to see if there are any other meaningful differences that have to
be taken into account. We took the variables we described in Section 2 and
checked if there are any statistically significant differences in the distribution
of a variable over the whole data set and the data from a cluster. With this
we can additionally evaluate the clusterings that we obtained.
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Table 3. The seven leaders from the dendrogram in Figure 4 in numbers. The leaders
(columns) in the table follow the dendrogram top down.

1 2 3 4 5 6 7

# of patents 265 703 270 378 367 327 910

1980 0.00 0.00 0.00 0.00 0.0146 0.00 0.00

1981 0.085 0.0325 0.0195 0.0308 0.0435 0.00 0.0272

1982 0.142 0.0625 0.0297 0.0337 0.0777 0.00 0.0425

1983 0.144 0.0817 0.041 0.0275 0.0734 0.00 0.0418

1984 0.177 0.0956 0.051 0.0342 0.0613 0.0496 0.051

1985 0.140 0.11 0.0501 0.0341 0.0578 0.0564 0.0442

1986 0.115 0.105 0.0497 0.0352 0.0641 0.0666 0.0477

1987 0.106 0.116 0.0459 0.0448 0.0865 0.093 0.0699

1988 0.0763 0.105 0.0422 0.0391 0.0839 0.0933 0.0682

1989 0.0601 0.117 0.0557 0.0493 0.0737 0.116 0.091

1990 0.043 0.073 0.0396 0.0547 0.0672 0.0928 0.123

1991 0.0445 0.0675 0.0436 0.0553 0.054 0.0991 0.104

1992 0.0379 0.053 0.0431 0.0698 0.0497 0.0948 0.118

1993 0.0337 0.0561 0.0488 0.0763 0.0445 0.0794 0.107

1994 0.0334 0.0453 0.0533 0.125 0.0542 0.0806 0.0655

1995 0.0309 0.0428 0.0577 0.127 0.0711 0.0799 0.0589

1996 0.0242 0.0386 0.0751 0.139 0.0972 0.0774 0.064

1997 0.0221 0.0373 0.189 0.109 0.0984 0.0829 0.0577

1998 0.0216 0.0445 0.216 0.113 0.0965 0.0879 0.0662

1999 0.0226 0.0464 0.168 0.101 0.0564 0.0754 0.0713

We used Pearson’s χ2 test of independence for the factor variables
category and assignee type and the two-sample Kolmogorov-Smirnov test
(Bickel and Doksum 1977) for the interval variables (the number of cita-
tions, generality, originality and self-citations). The results of statistical tests
for factor variable category can be seen in Table 4. Table for assignee type
can be obtained from: http://www.educa.fmf.uni-lj.si/datana/
pub/papers/ClDDisSup.pdf. The results of statistical tests for the inter-
val variables can be seen in Table 5.

Table 4 shows statistical significance in some clusters that could rough-
ly be summarized with the following: patents of cluster 1 and 2 (that achieve
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Table 4. p-values of statistical tests of possible factor explanatory variable category and its
relative frequencies for hierarchical clusters and the whole data set.

category probabilities for categories (1–6)

cluster 1 0.000** 0.06, 0.59, 0.33, 0.02, 0.00, 0.00

cluster 2 0.001** 0.07, 0.64, 0.27, 0.01, 0.01, 0.01

cluster 3 0.386 0.15, 0.61, 0.23, 0.00, 0.00, 0.00

cluster 4 0.000** 0.19, 0.59, 0.17, 0.03, 0.02, 0.00

cluster 5 0.106 0.15, 0.59, 0.22, 0.02, 0.01, 0.01

cluster 6 0.000** 0.25, 0.56, 0.16, 0.02, 0.01, 0.01

cluster 7 0.000** 0.16, 0.59, 0.21, 0.01, 0.03, 0.00

overall 0.14, 0.60, 0.23, 0.01, 0.00, 0.01

Table 5. p-values of statistical tests of possible explanatory variables for hierarchical clusters.

# citations generality originality selfcitations

cluster 1 0.000** 0.000** 0.094 0.000**

cluster 2 0.382 0.073 0.998 0.001**

cluster 3 0.000** 0.174 0.692 0.001**

cluster 4 0.016* 0.803 0.905 0.064

cluster 5 0.882 0.015* 0.346 0.739

cluster 6 0.000** 0.219 0.981 0.000**

cluster 7 0.616 0.276 0.308 0.081

early peak in citations) are short in the category Chemical and larger in
Comp&Comm. Patents of cluster 6 over-represent category Chemical. Patents
of cluster 4 and 6 under-represent category Comp&Comm. Last three cat-
egories are represented in small percentages which are slightly higher in
cluster 4, 6 and partly 7. However, one has to keep in mind that only patents
cited at least 20 times are considered in the analysis. The pattern of category
percentages could change if a lower citation threshold was taken, i.e. early
citation of software patents or patent thickets (intellectual property strate-
gies) of pharmaceutical patents.

Similarly, assignee type appears to be statistically significant for some
clusters: clusters 4 and 6 represent patents with more institutional non-US
non-government assignees. Clusters 1 and 2 indicate more individual and
non-governmental patents which could indicate their stemming from the
contemporary usability problems.
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Table 5 shows that some of results for the interval variables are sta-
tistically significant. However, only the plotting of the empirical cumulative
distribution functions (ecdf) for the whole data set with ecdf of the specific
cluster shows the side at which a significant dislocation occurs. Figure 6
shows that the patents in cluster 1 (also cluster 2 and 6—not shown) ex-
hibit a percentage of self-citations which is significantly larger than that for
the whole data set. This could also explain and is consistent with the large
number of citations in the first quarter of the time interval. Cluster 3 how-
ever exhibits a significantly lower percentage of self-citations—therefore a
larger amount of time was necessary to get “acknowledged”, and the peak
of the distribution is in the last part of the time interval.

Two more variables, that show some statistical significance with re-
spect to clustering are also tightly connected with citations: number of ci-
tations and generality. Interestingly, originality does not seem to have influ-
ence on main patterns.

The number of citations is significantly larger for clusters 3 and 4
(which is increasing its importance at the end of the time interval), whereas
it is lower for clusters 1 (that achieved its peak importance in the first half
of the time period) and 6. Generality proves to be statistically significant in
cluster 1 (patents in this cluster are far more narrow than the overall data—
this somehow connects to the large percentage of self-citations observed
in the cluster), and in cluster 5, which is on the contrary—relatively more
general (widely dispersed) than the whole data set. We can conjecture that
cluster 5 consists of “evergreen” patents—patents that are general and inter-
esting enough to yield a base and be cited by many other patents throughout
the observed time period (see Figure 7).

4.2 Patents Granted in Years 1980–84, 15-year Time Period

In Figure 8 and Figure 9 we present the results of analysis using the
adapted leaders method on the other data set of 22,514 patents granted from
1980–84 and cited at least 15 times in 15-year time period.

We include all the cluster leaders in further analysis where we use
compatible hierarchical clustering of the clusters. The dendrogram is pre-
sented in Figure 10. On the right side of the picture the patent clusters are
clustered into 7 clusters that are represented by a graph (gray lines corre-
spond to the cluster leaders and black lines to the leaders of joint clusters)
and numerically in Table 6.

Similarly to the previous section additional hierarchical clustering of
the patent clusters pointed out the same three main patterns (see Figure 11):
(1) the set of patents that reached their importance in the first part of the
observed period and were losing their position towards the end (upper two
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Figure 6. Ecdf for the percentage of self-citations. The gray line represents the ecdf of the

whole data set, black line the ecdf of a specific hierarchical cluster.
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Figure 7. Ecdf for generality. Gray line represents the ecdf of the whole data set, black line

the ecdf of a specific hierarchical cluster.

hierarchical clusters in the right part of Figure 10); (2) the set of patents with
slightly increasing importance over all the observed period of 15 years; and
(3) the set of patents whose importance was slightly increasing in the first
two quarters of the observed period and slightly decreasing in the second
two (the last four hierarchical clusters).

From further inspection of the seven hierarchical clusters (i.e. check-
ing statistically significant differences in the distribution of other variables
from the clusters—see the explanation from previous section) we were es-
pecially interested whether the grant year of patents in any way influences
citation patterns. We used Pearson’s χ2 test of independence.

Grant year (see Table 7) is a statistically significant variable. The old-
est patents are over-represented in the last four clusters, specially in cluster
4 and 5. With the youngest patents the pattern is reversed.
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Figure 10. Relations among 40 clusters of patents.
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Figure 11. Three main cluster patterns.

We could conjecture that the grant year pattern emerges due to the
increased tendency for citation in the later time periods (from the average of
5 citations per patent in 1975 to 10 in 1995). This happened partly because
of the computerization of the patent data base in the mid 1980s (Hall et al.
2001).

Tables with detailed results of tests for other variables can be obtained
from: http://www.educa.fmf.uni-lj.si/datana/pub/papers/
ClDDisSup.pdf. As in the previous example, category and assignee type
are statistically significant. Patents of the first two clusters are under-repre-
sented in category Chem, and over represented in category on Comp&Comm.
The opposite is valid for the most of the other clusters. Non-governmental
non-US institutional assignees are over-represented in cluster 3 (with patents
with slightly increasing importance across all the observed period).
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Table 6. The seven leaders from the dendrogram in Figure 10 in numbers. The leaders
(columns) in the table follow the dendrogram top down.

1 2 3 4 5 6 7

# of patents 2,219 3,705 4,909 1,703 3,152 1,391 5,435

1 0.0268 0.00395 0.00878 0.00 0.00642 0.00 0.00536

2 0.128 0.0462 0.0348 0.0303 0.0372 0.0542 0.0379

3 0.201 0.0845 0.0621 0.00 0.0578 0.116 0.0793

4 0.177 0.158 0.0664 0.00 0.0718 0.144 0.0895

5 0.144 0.179 0.0669 0.0853 0.0726 0.130 0.0978

6 0.108 0.178 0.0761 0.115 0.063 0.121 0.120

7 0.0923 0.135 0.083 0.133 0.0812 0.00 0.144

8 0.081 0.0937 0.0747 0.138 0.100 0.0984 0.148

9 0.0697 0.0729 0.0726 0.129 0.135 0.0881 0.135

10 0.0677 0.0689 0.079 0.134 0.157 0.100 0.103

11 0.057 0.0702 0.0962 0.126 0.154 0.105 0.076

12 0.0488 0.0637 0.121 0.120 0.127 0.0856 0.0681

13 0.045 0.0506 0.146 0.113 0.099 0.0917 0.0715

14 0.0477 0.0493 0.153 0.103 0.072 0.108 0.0692

15 0.0452 0.0485 0.148 0.0774 0.0641 0.0795 0.0615

Table 7. p-values of statistical tests for grant year and their relative frequencies for hierarchi-
cal clusters and the whole data set.

grant year probabilities for years (1980–1984)

cluster 1 0.001** 0.12, 0.17, 0.18, 0.23, 0.30

cluster 2 0.020* 0.13, 0.19, 0.18, 0.22, 0.28

cluster 3 0.000** 0.13, 0.15, 0.17, 0.22, 0.34

cluster 4 0.000** 0.18, 0.21, 0.19, 0.20, 0.21

cluster 5 0.000** 0.19, 0.21, 0.18, 0.20, 0.22

cluster 6 0.005** 0.16, 0.17, 0.20, 0.18, 0.30

cluster 7 0.000** 0.15, 0.19, 0.20, 0.21, 0.25

overall 0.15, 0.18, 0.18, 0.21, 0.28
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Interval variables also show statistically significant dislocations which
match the ones from the previous section. Clusters 1 and 2 (early peak of im-
portance) show statistically significant higher percentage of self-citations,
smaller generality and number of citations. On the other side, clusters 4, 5
and 7 (later peak) and 3 (still increasing) receive a significantly larger num-
ber of citations and have lower percentage of self-citations. The difference
is observed in the variable originality. It is statistically significant for clus-
ters 1 (lower) and 3 (higher than overall). A possible explanation is, that
patents with early peak of importance gather information from a narrower
pool of knowledge (these patents are more “instant”), whereas patents with
slowly increasing number of citations do the opposite. They contribute to
more fields of knowledge which gradually find them interesting.

5. Conclusions

We presented an adapted leaders method and a compatible agglom-
erative hierarchical clustering method based on relative error measure for
clustering units described with distributions. This study was motivated by
unexpected patterns obtained in analyses of temporal citation distributions
of patents (e.g. US patents data) with classical clustering methods. Since the
data set was too large to use only hierarchical clustering method, the combi-
nation of non-hierarchical and hierarchical clustering methods was used.

When clustering units with the well-known k-means method, the re-
sulting patterns were typically of single high peak because of the nature of
the squared Euclidean distance on which the method is based. Single high
peak is determined by the highest value of the patents with little influence of
the values in their other data points. To diminish the influence of large val-
ues on the error measure that the algorithm minimizes, several relative error
measures between units in the cluster and the corresponding cluster leader
are proposed in this article. Special attention should be given to cases when
in the measures the division by zero is possible. Based on these error mea-
sures and their corresponding optimal leaders, adapted leaders and adapted
agglomerative hierarchical clustering methods were developed. They proved
to be efficient for large data sets.

To observe the relations among clusters and also to avoid the problem
with the selection of an appropriate number of clusters, a larger number of
clusters obtained by the non-hierarchical clustering method (e.g. an adapted
leaders method) should be clustered further using a compatible (according to
error measure) hierarchical clustering method. Therefore we also derived the
dissimilarities between clusters in the adapted agglomerative hierarchical
clustering methods compatible with the proposed relative error measures.
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The procedure based on the adapted leaders method and adapted hi-
erarchical clustering method with error measure δ4 was applied on the data
on US patents. The results were compared with the clustering results ob-
tained with k-means method. The adapted version gave more relevant and
informative results than the methods based on squared Euclidean distance.
The expected forms of cluster shapes were obtained. The clusters show that
temporal citation distributions are mainly unimodal, but there exist a non-
ignorable number of patents that do not exhibit a noticeable peak in their
citation distribution (e.g. hierarchical cluster 5 from the first data set).

Differences in citation patterns were observed for different grant years.
This may be due to an increase in patents citation in the later time periods.

Other variables of patents were inspected in order to evaluate the ob-
tained results of clusterings. They were not included in the clustering proce-
dure, but nevertheless some of them turned out to characterize the clusters.
We expect that further applications by researchers who work in scientomet-
rics will provide better understanding of the proposed methods.

Although each year was considered as independent in the proposed
approach, adapted clustering methods reveal three main patterns of patent
citation distributions: (1) the set of patents that reached their importance
in the second quarter of the observed period and are losing their position
towards the end; these patents are narrower in field coverage, less frequently
cited than overall and show large percentage of self-citations (2) the set of
patents whose importance was increasing later in the observed period; these
patents are more frequently cited than overall and show significantly lower
percentage of self-citations, and (3) the set of patents with slightly increasing
importance, that were cited over the whole observed period; they exhibit
significantly larger field coverage and could possibly be seen as a base for
newer patents.

From the obtained results we can say that the clustering procedures
based on relative error measure gave more informative results compared
with the results obtained by using classical clustering procedures. The clus-
tering methods based on all proposed error measures were implemented in
R package “clustddist”. In the future, we plan to make the package “clust-
ddist” available at CRAN (The Comprehensive R Archive Network, see R
Development Core Team 2008), compare the impacts of different measures
and apply the methods on other data sets with units described as frequencies
or distributions.
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