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The centers principal components analysis is
conducted by doing a classical analysis on the
centered point observations Xc.

Arce, Rodrı́guez (UCR, BNCR) Optimized symbolic principal components for interval-valued variablesSDA-2017Ljubljana, SloveniaJune 12, 2017 2 / 35



Then all the vertices of the hypercube are projected on
principal components of the centers
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With the centers of the hypercubes principal
components are computed
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Vertices of the hypercubes are projected on principal
components of the Centers

Arce, Rodrı́guez (UCR, BNCR) Optimized symbolic principal components for interval-valued variablesSDA-2017Ljubljana, SloveniaJune 12, 2017 5 / 35



If we use differents points inside the hypercube the
principal components will change
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Vertices of the hypercubes are projected on principal
components of the New Points
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The question is:

What are the best points inside the
hypercube?

In order to maximize inertia or
In order to minimize squared distance between vertices and its
projections.
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From: Symbolic principal components for
interval-valued observations Lynn Billard, Ahlame
Douzal-Chouakria and E. Diday we know:
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Optimized symbolic principal components for
interval-valued variables

Definition (Z ∈ X)
Let be X an intervals symbolic matrix:

X =


[a11, b11] [a12, b12] [a13, b13] . . .

[
a1p, b1p

]
[a21, b21] [a22, b22] [a23, b23] . . .

[
a2p, b2p

]
...

...
...

. . .
...

[an1, bn1] [an2, bn2] [an3, bn3] . . .
[
anp, bnp

]
 ,

where aij ≤ bij and let be Z = (zij) with zij ∈ IR . We say that Z ∈ X if
zij ∈

[
aij, bij

]
for all i = 1, 2, . . . , n and j = 1, 2, . . . , p.
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Optimized symbolic principal components for
interval-valued variables

Let be X an interval data matrix size n× p and let be Z ∈ X, we do a
classical PCA on Z then vth principal components of Z for the
observation ξu with v = 1, . . . , n, u = 1, . . . , p,

yZ
uv =

p

∑
j=1

(zju − Z̄(j))w
Z
vj

, (1)

where Z̄(j) is the mean of the variable Z(j) and wZ
v = (wZ

v1
, . . . , wZ

vp
) is

the vth eigenvector of the variance-covariance matrix of Z.

Then it is clear that β(Z) = {wZ
1 , . . . , wZ

p } is an orthonormal basis of
IRp.
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We define the centered and standarized matrix of vertices with respect to Z:

X̃v(Z) =




a11−Z̄(1)

σ(1)

a12−Z̄(2)
σ(2)

. . .
a1p−Z̄(p)

σ(p)

· · · · · · . . . · · ·
b11−Z̄(1)

σ(1)

b12−Z̄(2)
σ(2)

. . .
b1p−Z̄(p)

σ(p)


· · · · · · · · · · · ·

ai1−Z̄(1)
σ(1)

ai2−Z̄(2)
σ(2)

. . .
aip−Z̄(p)

σ(p)
...

...
. . .

...
bi1−Z̄(1)

σ(1)

bi2−Z̄(2)
σ(2)

. . .
bip−Z̄(p)

σ(p)


· · · · · · · · · · · ·

an1−Z̄(1)
σ(1)

an2−Z̄(2)
σ(2)

. . .
anp−Z̄(p)

σ(p)
...

...
. . .

...
bn1−Z̄(1)

σ(1)

bn2−Z̄(2)
σ(2)

. . .
bnp−Z̄(p)

σ(p)





(2)
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Optimized interval PCA

Let be ξi the ith observation of X with i = 1, . . . , n, now the vertices of
the hypercube will be projected as a supplementary elements in PCA
of Z.

Definition
Let be:

X̃v
i (Z) =



ai1−Z̄(1)
σ(1)

ai2−Z̄(2)
σ(2)

. . .
aip−Z̄(p)

σ(p)
ai1−Z̄(1)

σ(1)

ai2−Z̄(2)
σ(2)

. . .
aip−Z̄(p)

σ(p)
...

...
. . .

...
bi1−Z̄(1)

σ(1)

bi2−Z̄(2)
σ(2)

. . .
bip−Z̄(p)

σ(p)
bi1−Z̄(1)

σ(1)

bi2−Z̄(2)
σ(2)

. . .
bip−Z̄(p)

σ(p)


. (3)

where σ(j) is the standard deviation of Z(j). To simplify, let’s denote each row
of the matrix X̃v

i (Z) as follows x̃v
ikj
(Z), with k = 1, . . . , 2mi , mi the number

of non-trivial intervals and j = 1, . . . , p
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Optimized interval PCA

Therefore, we can define the vth principal components as:

Cs(xv
ij
) =

p

∑
t=1

x̃v
ijt
(Z)wst (4)

to j = 1, . . . , 2mi , mi in the number of non-trivial intervals.
where

Ỹv
iu = ỹiu = [ỹaZ

iu , ỹbZ
iu ] con u = 1, . . . , p (5)

where

ỹaZ
iu = min Cu(xv

ij
)

j=1,...,2mi

(6)

ỹbZ
iu = max Cu(xv

ij
)

j=1,...,2mi

(7)
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Optimized interval PCA

It can be shown that these reduce to:

Theorem

ỸvZ
iu can be computed as:

ỹaZ
ik = ∑

j∈J−Z

(bij − Z(j))w
Z
k j
+ ∑

j∈J+Z

(aij − Z(j))w
Z
k j

ỹbZ
ik = ∑

j∈J−Z

(aij − Z(j))w
Z
k j
+ ∑

j∈J+Z

(bij − Z(j))w
Z
k j

where J−Z = {j|wv
kj < 0} y J+Z = {j|wv

kj ≥ 0}, Z(j) is the mean jth column.
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Optimized interval PCA

So far we have found a way to do a PCA for each Z ∈ X. The idea is to
look for the matrix Z? that is optimal in some sense, for example:

Minimize the squared distance from the vertices of the hypercube
to the principal components of Z.
Maximize the variance in the firsts components of Z
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Minimize the squared distance from the vertices of the
hypercube to the principal components of Z

Let X be an interval matrix size n× p, Z ∈ X, and

β(Z) = {wZ
1 , . . . , wZ

s },

with s ≤ p where wZ
i are the eigenvectors of Z variance-covariance

matrix. Let be Xv the vertices matrix of X and

N =
n

∑
i=1

2mi ,

with mi the number of non-trivial intervals for the observation ξi.
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Optimized interval PCA

We want to minimized the function ϕ(Z) : X → IR+ defined as follows:

ϕ(Z) =
N

∑
i=1
‖X̃v

i (Z)− Prβ(Z)(X̃v
i (Z))‖2. (8)

Since Z ∈ X and X is the finite union of compact sets and the ϕ(Z) is a
continuous function then it has a maximum and a minimum.
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Algorithm to compute ϕ(Z)

Algorithm 1 Calculation of ϕ

Require: X interval matrix n× p, Z ∈ X, and

s number of principal components.

Ensure: ϕ(Z)
1: Apply a PCA on Z and compute:

2: β = {w1, . . . , ws}, s ≤ p where wi are the eigenvectors of Z.
3: Compute the vertices matrix Xv of X
4: Compute X̃v(Z)
5: ϕ(Z) = ∑N

i=1‖X̃v
i (Z)− Prβ(Z)(X̃v

i (Z))‖2.

6: return ϕ(Z)
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Optimization Problem

Minimize ϕ(Z) =
N

∑
i=1
‖X̃v

i (Z)− Prβ(Z)(X̃v
i (Z))‖2

Subject to



a11 ≤ z11 ≤ b11
...

a1j ≤ z1j ≤ b1j
...

a1p ≤ z1p ≤ b1p
...

aij ≤ zij ≤ bij
...

an1 ≤ zn1 ≤ bn1
...

anp ≤ znp ≤ bnp

(9)
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Definition (Z?)
The matrix Z ∈ X that solve the problem (9) is called the optimal matrix with
respect to Xv and we will denote it by Z?.

Algorithm 2 Minimizing the squared distance PCA
Require: X n× p matrix, Z ∈ X, s number of principal components,

TOL is a tolerance of variations and N the maximum number
of iterations.

Ensure: ỸVZ?

1: Let be Z = Xc the centers matrix as an initial value.
2: Get Z? using Broyden–Fletcher–Goldfarb–Shanno algorithm

BFGS(Z, function = ϕ(Z),TOL,N)
3: Get ỸVZ? applying the Theorem 1
4: return ỸVZ?
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Broyden–Fletcher–Goldfarb–Shanno algorithm
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Maximize the variance on the firsts components of Z

Definition
Let be X a n× p interval matrix, Z ∈ X,

β(Z) = {wZ
1 , . . . , wZ

s },

where s ≤ p and wZ
i the eigenvectors of the variance-covariance matrix of Z

and λ(Z) = λZ
1 , . . . , λZ

s the associated eigenvalues, we define the function

Λ(Z, s) : X×N→ IR+

as follows:

Λ(Z, s) =
s

∑
i=1

λZ
i . (10)
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Algorithm to compute Λ(Z, s)

Algorithm 4 Calculation of Λ
Require: X interval matrix n× p, Z ∈ X, and

s number of principal components.

Ensure: Λ(Z, s)
1: Apply a PCA on Z and compute:

2: λ(Z) = λZ
1 , . . . , λZ

s
the associated eigenvalues of the variance-covariance

matrix of Z.
3: Λ(Z, s) = ∑s

i=1 λZ
i .

4: return Λ(Z, s).
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Optimization Problem

Maximize Λ(Z, s) =
s

∑
i=1

λZ
i

Subject to



a11 ≤ z11 ≤ b11
...

a1j ≤ z1j ≤ b1j
...

a1p ≤ z1p ≤ b1p
...

aij ≤ zij ≤ bij
...

an1 ≤ zn1 ≤ bn1
...

anp ≤ znp ≤ bnp

(11)
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Algorithm to Maximize the variance PCA

Algorithm 5 Maximizing the variance PCA
Require: X n× p matrix, Z ∈ X, s number of principal components,

TOL is a tolerance of variations and N the maximum number
of iterations.

Ensure: ỸVZ?

1: Let be Z = Xc the centers matrix as an initial value.
2: Get Z? using Broyden–Fletcher–Goldfarb–Shanno algorithm

BFGS(Z, function = Λ(Z, s),TOL,N)
3: Get ỸVZ? applying the Theorem 1
4: return ỸVZ?
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Oils Data Comparation Plot
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Oils Data Comparation
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Faces Data Comparation Plot
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Faces Data Comparation
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What points are selected?
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oldemar.rodriguez@ucr.ac.cr

Tomorrow I will show you how to do
Optimized PCA in RSDA Package....

Thank You .....
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